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REMARKS ON THE THEORY OF DEPRECIATION 
By K.-G. HacstrozM 


INTRODUCTION 


DurinG my activity as a life insurance actuary, i.e., from about 1918, 
I have frequently come back to the question of depreciation and of 
real or hypothetical insurance against the risk of destruction of mortal 
property. I have always suspected that in this range of ideas there 
should be hidden some fundamental connection between prices of 
consumption commodities and prices of capital goods, some equation 
of economic equilibrium which could be taken as a basis for a general 
economic theory. This suspicion was expressed as early as in 1921, 
in a study of the general economy of the cotton industry in different 
countries, which was made on behalf of a Swedish committee on cus- 
toms tariffs. Since that time, a series of economic papers have treated 
similar problems. In 1925, H. Hotelling published a general theory of 
depreciation which tried to find the connection I have had in view. 
Other contributions have been given by R. Frisch, A. J. Lotka, E. B. 
Kurtz, G. A. D. Preinreich. The last-named author has published an 
annual survey in Econometrica, July, 1938. 

In the following lines, I shall develop my present view upon the 
problem. It may perhaps be interesting as an attempt to approach the 
question from the actuarial side. 


THE ACTUARIAL VALUATION 


The actuarial valuation of an interest-bearing asset, e.g., a piece of 
real estate, is a special case of economic planning, or speculation, aim- 
ing at a prognosis of future events. It requires a hypothesis on future 
interest, a forecast on house rent and costs of maintenance, and an 
estimate concerning the mortality of the estate, ie., mainly of the 
building erected on the ground. The economic plan accepted with these 
hypotheses will also define a rational scheme of depreciation. The com- 
plexity of the forecast makes it necessary to introduce reasonable sim- 
plifications. The nature of the scheme will thus always to a certain 
extent remain a matter of taste. 

As it is hardly of any use to develop a theory based upon the whole 
apparatus of the actuary, including an arbitrary function of mortality, 
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different parameters of loading, etc., we shall choose the simple hypo- 
thesis of sudden deaths at the expiration of the lifetime of a building 
of the kind in question. When it is realized that this lifetime is a sta- 
tistical variable with a considerable dispersion, it is evident that the 
economic plan cannot be in accordance with the practice except in a 
collective way, one building becoming in reality obsolete and ripe for 
being discarded some time before, another building some time after 
the hypothetical mean lifetime. Nevertheless, the general plan has to 
be adhered to, even if it seems to be somewhat unsatisfactory in prac- 
tice. As a matter of fact, a closer adjustment to the observed conditions 
could always be obtained by introducing more appropriate functions of 
mortality, but it is to be observed that all assumptions, however close 
they may be taken to the statistical data, are necessarily of a stochas- 
tical nature and cannot be expected to be valid in a special case. The 
secrets of the actuarial concept of the “policy value” are evidently 
applicable here, and they seem often to imply some paradoxes. 

An actuarial basis of computation, being a set of forecasts, some of 
which are decidedly on the safe side, must as a rule give values with a 
margin of safety, i.e., low values of assets, high values of liabilities. 
This is especially true as concerns the rate of interest. 

We have to consider the value of an asset or the value of the liabili- 
ties of a policy as a function of the basis w of calculation, thus mainly 
as a function of the rate of future interest z,, belonging to the basis w. 

The valuation principles may be exemplified by the following treat- 
ment of the case of a piece of real estate. Denote by: 

a the value of the ground, , 

b the cost of the building, if constructed at the present moment, 

s the total life of a building of this kind, 

t the present age of the building to be valued, 

h the net yield of the estate after deducting expenses and costs of 
maintenance but no amortization (depreciation). 

Letting ¢ denote an arbitrary rate of interest and 


x 1-9" 
: ea) = 


6 = log. (1 +7), v= 
ais 1+i 6 








. 


we have the following identity: 


asi s—t b 
a + b-—— + f (1 — 08 — Verda ot + heais, 
0 


as| As| 





Valuing, quite generally, the real estate as the sum 
V(t) = a-v®-t + h-arti 


of the value of the building ground at the time of obsolescence and 
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the value of the net output in the meantime, we see accordingly that 
this value may be interpreted as the present value of the estate accord- 
ing to the depreciation scheme, 


as-4j 
a+b- = os 


aAs| 





increased by the value of future net output after deduction of an ap- 
propriate annuity for future depreciation, 
b 


ae ? 
as | 
and of the interest on the ground value aé. 

It is unnecessary to remark that the difference under the integral 
sign may also be negative, but in the normal case it is positive and rep- 
resents a supervalue according to the rate of valuation 7. If 2, is the 
general rate of valuation of a variable basis w, we may put 7=7.+, j 
being a risk margin characterizing the real estate in question. If 7 
denotes the rate for which a valuation according to 7=7)+ 7 gives 


b 
h— at —— = 0, 


As| 


the corresponding value V(t) may be considered as a schematic selling 
value. 

The dualism which we have stated in the valuation evidently points 
to the different views of the builder and of the landlord, representing 
seller and buyer of buildings, or buyer of house-building work, and 
seller of apartment-years, respectively. We shall have to come back 
to this distinction later. 


PROSPECTIVE AND RETROSPECTIVE RESERVE: 
GENERALIZED SCHEME OF DEPRECIATION 


The natural aspect of an actuarial valuation is the prospective view, 
such as we have exemplified in the preceding paragraph. It is well 
known that the “policy value” of an insurance admits also a retrospec- 
tive interpretation. The value V(¢) of an asset which we have studied 
above is, however, no insurance “reserve,” but its complement. In 
fact, the general view of depreciation depends upon the introduction 
of a hypothetical insurance against destruction of the property, and 
the amount by which the original value of the property has to be di- 
minished at the age of t years represents the policy value or premium 
reserve of this insurance. In our simple instance, the insurance pre- 
mium is 
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1 vs 
Pup-}=—-Je—, 
as| as 


and the policy value can be written 


W(t) = 1 — V(t) = v** — (p — 4)-as4j (prospective reserve) 
or = (p — 6)-si = (p — 5)-(1 + 72)*- aj (retrospective reserve). 


The premium reserve represents the “loss” through depreciation, 
and it is seen that in our special case the reserve can be interpreted 
retrospectively as the value of the total amount of the premiums paid 
up to the point of valuation. The simple scheme adopted is, in fact, 
based upon pure savings premiums, all risk being accumulated at the 
point t=s. 

One way of making a practical generalization of our simple scheme of 
depreciation without complicating it considerably would be to intro- 
duce a constant force of mortality u, corresponding mainly to hazard- 
ous destruction of the property by fire, inundation, ete., but to retain 
the total death after s years of remaining properties. The formulae will 
then, actuarially speaking, be reduced to those of an endowment insur- 
ance with constant mortality. Putting as usual 


5(u) = log (1 +7) +4, 
1+ i(u) = 8 = (14 4)-e4, 
v(u) = eet), 
aii(u) = [1 — o(u)*]/(u + 4), 
we obtain for the premium 
1—dai(u) nts v(u)* 


iE pos = ’ 
(u) a 


as| (u) l= ere?) 


and for the policy value 


ari(u) ett — 4 

as (u) ~ gtie — | 
1 — dasa (u) — P(u)-asaj (u) (prospective reserve) 
{P(u) — w}-sea(u) = e*+*{ P(u) — w} ai (u) 


t 
SE: { Pw)-ai (u) -f pere-e-tawoh 
0 


Wit) =1-V@é)=1- 


(retrospective reserve, the integral denoting as is easily seen the initial 
value of the temporary death assurance). 


The simplification obtained in this case is a consequence of the simple 
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hypothesis »= constant. In the general case, the differential equation 
for the premium reserve W(é), 

dW (t) = 6W(t)dt + P(u)dt — weii{1 — Wt) } dt, 


may be integrated in two ways. If the savings part of the premium is 
defined as 


r(t) = P(u) — weri{1 — WO}, 
w(t) = P(u) — mers, 


respectively, and the differential equation is multiplied by e~** or 
D.,1/Dz respectively, we obtain 


or as 


t 
e~*'. W(t) -{ m(t)e—*'dt 
0 


Dust Daxt 


-Wit) = J w(t) D. dt. 


z 


The latter point of view does not, in the general case when uz+¢ 
depends on ¢, afford a simplification like that in our case. Our differ- 
ential equation is 


dW (t) 1 
— (u + 6)-W(t) = P(u) — p = — — (nu + 8). 
dt as (nu) 


The /, function of this scheme of depreciation is evidently given by 


3 v(m)! 
enn = i? for ¢ << s (and = 0 for ¢ 2 s). 

The corresponding frequency function of the deaths is, for t<s, 
ye, thus being a decreasing function which cannot be said to give a 
rational picture of the reality. But the simplicity of the scheme must 
make it easy to forgive the unsatisfactory distribution of the hypo- 
thetical early deaths, at least for small values of u. Both components 
of the distribution of deaths, the continuous branch as well as the dis- 
continuous decrease of the amount e—* for £=s, must evidently be con- 
sidered as rough approximations. 

The most interesting feature of the generalized scheme of deprecia- 
tion, however, is that it may be interpreted as an annuity scheme with 
another rate of interest. This holds true as concerns the value, but of 
course not in respect of the premium. 

We start again from our fundamental identity, interpreted now ac- 
cording to the new scheme of depreciation, and we obtain the following 
identity: 
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a+ = +f — (a + b)5 — ap — b-P(u)} -e- 4+ "dw 
me : a-v(u)** + h-asa (u). 
Making our valuation according to the formula 
V(t) = a-v(u)*t + h-aril (x), 


we obtain accordingly a value which may be interpreted as the sum of 
the following two terms: 

(1) the depreciated value of the estate 

ast] 
a -- b- ay) ) 
aii (u) 

which itself is the difference between its value as newly constructed and 
the premium reserve of the insurance against destruction; 

(2) the present value of the future net output 


f , {h — (a+ b)5 — a-p — b-P(u) See dw, 
0 


for the remaining lifetime of the building (hence the factor e~”), after 
deduction of costs of maintenance, interest on original vaue (a+b) - 6, 
and premium for the insurance against destruction of the building 
b-P(u). The subtraction of a-p is theoretically unjustifiable but evi- 
dently leaves the resulting value on the safe side. 

Neglecting for the moment the ground value, the mechanism of de- 
preciation may be described as follows. A building of the cost of con- 
struction 1 is amortized with the annuity 

1 
as (u) 
and the resulting depreciated value is 


asi (u) 


V(t) = 
© aa| (u) 


The annuity is separated in the following way: 


- 3-4] = 840+ [PW a) 


—— =3 
aij (nu) ees ae 


From the net output is then taken first 6, the pure interest on the 
original value, next » as a constant risk premium, and, finally, the 
savings premium P(yu)—y, the accumulated value of which is the 
premium reserve 
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W(t) =1-— V¢(é). 


The accumulation is made with the inclusion of “hereditary” income, 
i.e., according to the force of interest 1+, the risk premium being con- 
sequently the greater amount u, not uV(t). 

The natural way of booking the value of a piece of real estate seems 
then to be as follows: 


Assets Liabilities 
Ground Value Depreciation (=Premium Re- 


Cost of Construction serve of Destruction Insur- 


Supervalue ast (u) 
ee ance). ........ of | 
a-v(u)*-'-+h-asa (uv) —a—b L as (u) 


From the net output which is not bound in the reserve of the insur- 
ance against destruction, risk premiums are set free in order to meet 
“‘claims”’ of early depreciation. As these must be rare, if the administra- 
tion has not a gigantic extension, it is recommended to book their 
accumulated value as a liability and to put on the other side the costs 
of construction for replacements as they occur. 

Identifying the risk premium yu with the annual margin of security 
denoted above by j, we may observe that a valuation according to the 
rate of interest prevailing in the real-estate market will deliver no 
supervalues at all. Only if the balance is based on a smaller rate of 
interest—which is, however, the rule, if the mass of assets are securities 
with fixed interest—will the supervalues appear. On the other side, 
a bonus valuation above the ordinary rate of interest in the real-estate 
market will result in a negative “supervalue,” i.e., in an extra depre- 
ciation. 





SECOND GENERALIZATION OF ANNUITY DEPRECIATION SCHEME 


Proceeding another step in the direction of what might be termed 
actuarial interpretism, we shall give a new modification of our scheme 
of depreciation. 

The new modification starts from the fact that premium payments 
should preferably be payable in proportion to the remaining value 
V(t)=1—W(é) of the property, its economic productivity being to a 
certain extent decreasing as the depreciation proceeds. The differential 
equation for the premium reserve W will in this case assume the follow- 
ing form, if the constant proportion of V which is taken as insurance 
premium is denoted by k, the premium itself being consequently kV 
=k(1—W): 


dW = k(1 — W)dt + 6Wat — u(1 — W)dt 
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or 


W'—(¢t+s-BW =k — vp. 


Taking u constant as before, with given values of wu and 6, we have 
to determine the constant & and the function W. We obtain easily 


e(uts—k)t — 1 
pt+i-k . 


By putting t=s, the total lifetime of the property, we obtain an 
equation for k: 


1 = (k — p)-si(u — k) = (k — p)- 


W = (k — pw): sti(u — k) = (bk — )- 


e(uti—k)s oa 1 
pte k- 


The value for k calculated from this relation is a function of 6 (or 7), 
u [or 7(u)], and s. We obtain identically 


a. (u—k) — ssi(u — k) — v(u — k)*-seaj(u — k) 








sii(u — k) si] (u — k) 
as| (u — k) 


The technique of annuity depreciation will thus be repeated once 
more, but with a new interpretation. We can write the depreciated 
value at the time ¢ 


1 — em et6-k) - (s—t) e(k—-n—8)-(s—-t) — J] 





r 


l—eettis . glke Hey 
If we write 
i, = evtd-k — 1, log (1 +2) =n+6-k, 


the rate 71, at which the depreciation annuity is working, will often be 
negative. In this case, the value V will decrease from 1 to 0 along a 
curve which will be convex toward the time axis, instead of concave as 
in our other schemes. The new scheme will require higher depreciations 
at the beginning of the lifetime of the property. Some specimens of k, 
compared with the corresponding constant premium P(u), are shown in 
Table 1. 

We shall now try to obtain an identity corresponding to the funda- 
mental equation which we have employed above for interpreting the 
actuarial valuation. Putting a=0 and b=1 we can write this identity 


a—t a 
V +f {h - \ e- ut Bway 
0 ag| (u) 


depreciated value + supervalue. 


has (u) 
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TABLE 1 
PREMIUMS FOR INSURANCE AGAINST DESTRUCTION 

















Constant Premium Constant Proportion of 
Depreciated Value 
1 
P(x) =— = § k 
as| (u) 
Per Centum Per Centum 





I. Constant mortality with i(u) —7=0.5% 























i= 2% | 23% | 3% | 2% | 23% 3% cf 
iu)= | 28% | 3% | 34% | 2% | 3% | 38% 
s= 10 9.31 9.08 8.86 29 .22 26.52 24.33 
20 4.36 4.15 3.96 10.62 9.39 8.33 
30 2.74 2.56 2.39 5.69 4.87 4.22 
40 1.95 1.79 1.65 3.59 | 3.03 2.59 
50 1.50 1.36 1.23 2.51 | 2.09 1.76 
60 1.22 1.09 0.98 1.87 1.55 1.31 
70 1.02 0.91 0.82 1.48 1.23 1.03 
100 0.72 | 0.65 | 0.60 0.90 0.77 0.67 

II. Constant mortality with z(u) —i=1% 

i= 2% 23% 3% 2% 23% 3% 
i(u)= | 3% 33% 4% 3% 33% 4% 
s= 10 9.57 9.35 9.13 29.71 27.00 | 24.81 
20 4.64 4.45 4.26 TE.y 9.87 8.81 
30 3.05 2.87 2.71 6.18 5.35 4.70 
40 2.28 2.13 2.00 4.08 3.51 3.07 
50 1.85 1.72 1.61 3.00 2.57 2.24 
60 1.58 1.47 1.38 2.36 2.03 1.79 
70 1.40 1.31 1.24 1.97 Peet 1.51 
100 1.14 1.08 1.05 1.39 1.25 1.15 








In our modified case, we have to start from the differential equation 
dW = k(i — W)dt + 6Wdé — p(1 — W)dt . 
and write it } 
— {We-&+5)t} = k(1 — Wye +8)! — pe @t 1, 
dt 
Integrating between arbitrary limits ¢) and 4, we obtain 


t1 1 
k f (1 — Wye-“+®"dw + 6 J e- ut Bday 
to t 


0 


t1 
= [Wer wre} + (a+ 6) f e- ut d)wqry, 
w=to to 
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TABLE 2 
SPECIMEN OF ACTUARIAL VALUATION AT A LOWER RATE 
Life of building: 30 years. 
Original rates of interest: 1=3%, i(u) =33%. 
Valuation rates: i1=2%, i(u) =23%. 














Constant Proportion of 


Constant Premium Depreciated Value 





Original rates h- ++ 0.05344} —[¢o(u—ko) = —0.78%] 
isnt chted 
as|° (u) 


+5): ++ 0.02956 59° + + 0.02956 


60: ++ 0.02388 ko- + + 0.0422 





Depreciated values: V o(t) =as-t° (u)/asj (u) =as1|° (u—k) /as/® (u —k) 








t= 0 1.0000 1.0000 
5 0.8961 0.8167 

10 0.7727 0.6404 

15 0.6262 0.4708 

20 0.4522 0.3077 

25 0.2455 0.1508 
30 0.0000 0.0000 








Depreciated values:V (t) =as-i| (u)/as| (u) =as-a (u—k)/as (u—k) 





t= 0 1.0000 1.0000 
5 0.8803 0.7599 

10 0.7448 0.5555 

15 0.5916 0.3815 
20 0.4182 0.2334 
25 0.2220 0.1073 

30 0.0000 * 0.0000 





Total values: V(t) +A (t) =has) (“) 7 2 ee 
7h 


+( ot) asa (4) 





.0570 
.8411 
.6468 
.4695 
.3050 
. 1496 
-0000 


Super-values: A(t) 
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With t,=¢ and #,=s (prospective case) we obtain after dividing by 
a discount factor 


fa — Wh)e-*“dw + dari (u) = 1 — W(t) = Vd). 
0 


The corresponding equation in the constant-mortality endowment 
case is 


P-asti(u) + 5-asai(u) = Vd). 


In either case, the value of future premiums and interest, payable 
during the lifetime of the building, is identified with the depreciated 
value of the property. In the latter equation we have P+-6=1/aj\(u), 
which makes it evident that, if h=1/a;j°(u) corresponds to a higher 
rate of interest 7, the expression hasq(u) must contain a supervalue. 
In the same way, we can prove that the value, according to the rate 
of valuation 7, of premiums and interest in the generalized scheme, cal- 
culated with a higher rate of interest 7, viz., 


ie: J (1 — Whe-@+edw + 89-a5i (u), 
0 


will be positive, and consequently represents a supervalue in this valu- 
ation. In fact, we have 


bf (1 — W)e-“+) dw = 1 — Sasi (x), 
0 
and the value in question is therefore 

ko 2 ie 

- [1 — dasj(u)] + Sasi (x), 


or the sum of two positive numbers. Starting from values ko and 4 
corresponding to a high market rate, we can write 


s—t 
he f (1 — Wye-+8dwy + dara (u) 
0 


= (ko — k) ; "(1 — Wed + (50 — dard (u) + V. 
0 


This is the fundamental identity in our modified scheme. The first 
member may also be written 


ko 
a tL = bari(x) — WO} + doar (u) 
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ko 
ra {V(t) — dasa (u)} + dara (u) 


ko asa (u = k) ko ) 
k aii D + (a - asi (u) 


The modified scheme perhaps seems to be unnecessarily compli- 
cated. For practical purposes, the simple constant-mortality endow- 
ment scheme seems to be quite satisfactory. 


THE PROBLEM OF REPLACEMENT 


The economic plan of depreciation, as developed in the preceding 
paragraphs, is independent of the rate according to which new con- 
structions are effectuated, i.e., as in all forms of rational insurance, of 
the fluctuations in the number of new policies. The development of the 
total stock of insurance may have its special interest, e.g., for questions 
of central costs, but these problems must not have any vital impor- 
tance for the economy of the insurance. In a stationary stock of insur- 
ance policies, where claims are exactly counterbalanced by new 
contracts, some questions of costs take an especially simple form, but 
it would be dangerous to base the economy of the insurance on this 
quality, which can as a rule only be an ephemerai phenomenon. 

It is true that the machinery of a mill or the buildings of a house- 
owning company or the cars of a transport company form as a rule a 
stationary equipment. But this is true only if comparatively short 
periods of time are considered. Modernization, trade cycles, adverse 
price conditions, to mention only a few prominent features, may cause 
violent fluctuations in the stock of mortal property. It is just the same 
with the stock of active workers in a factory or in a transport adminis- 
tration. They form what may be denoted as a population, which may 
seem to be remarkably constant. The distribution of ages is, however, 
often far from constant, owing to the fact that a great many young 
workmen were hired at the beginning of the enterprise. Only in very 
old plants may the distribution of ages be uniform. But every extension 
of the industry will quickly alter this status, if mainly young employees 
are added to the old stock. Fluctuations in the sum of policy values of 
the pension liabilities will then be unavoidable, but these fluctuations 
are only the visible result of an even distribution of the pension costs in 
proportion to the cost of active labour. 

In the same way it is through fluctuations in the sum of the depreci- 
ated values V(¢), or in its complement W(t) =1—V(é), that inequalities 
in the new construction are reflected, whereas the depreciation cost, i.e., 
the premiums for destruction insurance, are distributed as evenly as 
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possible over the active years of the property. There seems not to be 
any reason at all for trying to make the capital values more constant 
and letting the depreciation costs vary. Every attempt to move those 
costs forward, because of present financial stress, seems to be un- 
sound, or at least a suspicious sign of weakness. 

Starting from an arbitrary “bell-shaped” function of distribution of 
the dates of death around the mean lifetime of the property, 


p(t)dt =u (t)e7/ou (w dwt 


it is possible to derive the ‘function of replacement” at any later date 
as the result of a functional operation on p(é) or on u(E) =p(t)/f, p(w)dw. 
In some cases, the successive phases of new construction will tend to- 
wards a stationary limit. In our simple amortization scheme, the re- 
placement takes place discontinuously, the total equipment being 
replaced after the expiration of s years, the constant lifetime of a single 
property. 

Several authors have studied in detail the statistics available con- 
cerning the length of the lives of machines and other property and the 
resulting replacement functions. It may certainly be of interest to 
study the real distribution function p(¢) or its actuarial transformation 
u(t) for different classes of property. As a matter of fact, however, the 
economic consequences of small deviations from simpler hypotheses 
concerning the lifetime of mortal property do not seem to be important, 
as compared with the great uncertainty of other elements of the prog- 
nosis, especially the future rate of interest. 


THE STOCHASTICAL CONDITIONS OF EXCHANGE 


Instead of basing the abstract theory of exchange, asis usually done, 
upon the notion of ophelimity, I have proposed to create a stochastical 
theory of exchange, a sketch of which was published in Econometrica, 
Vol. 6, January, 1938, p. 40. We shall develop this idea for the case of 
capital goods which we have been considering above. 

The builder B and the landlord L are calculating their respective sub- 
jective values of the real estate, B starting from a formula 


a=ti,(u) 
asi (u) ’ 
to which is added his profit, and Z starting from the formula 
a-v(u)** + h-asi (x), 


his profit being the difference between that value and the selling-price. 
Since, however, a, b, h, 7, u, s are only estimates, and often very rough 


a+b)- 
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ones, both subjective values are statistical variables with considerable 
deviations or ‘errors of observation.”’ Denote by 8(z) and X(z) the dis- 
tribution functions defining the subjective values of B and L respec- 
tively, we obtain for the probability that both buyer and seller shall 
sign a contract based upon a certain value V: 


o(V) =f aera. f "reas, 


Putting 


B(z) = | Bede, A(z) =f rae, 
we obtain for the function ¢(z): 
¢(2) = A(z)-[1 — B(e)]. 


Denoting by 2 : - - 2; the interval in which the mass of probability 
B(z) is concentrated, by yo: - - y:1 the corresponding interval for the 
mass \(z), the general practical case will be that these intervals have a 
common part. (In the special case treated in EcoNoMETRICA in 1938, 
both intervals were — © --- +.) The point of maximum probabil- 
ity, z=V, will be situated in the common part x: :-: y1 OF Yo. - + % 
of the mass intervals. From a practical point of view, the extreme boom 
case, where x1<yo, and the extreme depression case, where yi <%o, may 
certainly be neglected. It is then easily shown that the point of maxi- 
mum probability will be situated in the middle of the common interval, 
if the mass distributions B(z) and d(z) are approximately constant in 
this interval. 

The mass distribution ¢(z) will represent the connection existing be- 
tween the elements entering into the computation. For any special 
value z=V we have an equation between the elements, and to each 
equation corresponds the probability of its realization ¢(V). 

The classical theory of exchange is based upon the idea that each 
party will try to realize the greatest profit available and that only this 
point of view will define the price. The complexity of the developments 
to which this fundamental idea has brought economic science are far 
from promising for the possibility of basing world economy on rational 
principles. The stochastical theory of exchange represents an attempt 
at restatement, unripe and inconsequent it may be, but perhaps in 
one or other shape necessary. 

When an engineer builds a bridge, he does not construct it so that 
the absolute minimum of material is consumed in order to obtain the 
solidity just needed. He is working with wide margins. If he does not, 
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he is to be blamed. In the same way, I suppose that very few business 
transactions in this world are made in accordance with the ideal equa- 
tions of the mathematical theory of exchange. There are so many hu- 
man factors connected with the construction of a new house, e.g., that 
the principle of maximum profit will not pay in the long run. Is it not 
characteristic of the application of the classical theory in this field, 
that the main thing obtained by it seems to be some conclusion about 
the scrap value? According to Preinreich, the search for the true de- 
preciation method has apparently ended in a failure. It seems to me 
that the reason for this statement must be sought in the principles 
which I have tried to apply. 


Stockholm 














































A THREE-DIMENSIONAL REPRESENTATION OF THE 
FACTORS OF PRODUCTION AND THEIR 
REMUNERATION, MARGINALLY 
AND RESIDUALLY 


By Irvine FisHER 





A HALF CENTURY AGO, before mathematics had invaded economics, one 
of the great questions in the problem of functional distribution was: 
‘Which is the residual claimant?” 

Perhaps the most orthodox view was that land rent is the residual, 
being what was left after wages, interest, and profits had been taken 
out, each of these three being determined by its own special law. 

Walker, however, insisted that wages were the residual element. 
Rent of any land was determined by its excess of productivity over the 
no-rent land; profits likewise by the excess of an entrepreneur’s pro- 
ductivity over a no-profit entrepreneur, and interest by its own special 
law of abstinence, making wages simply what was left. 

Others seemed to make interest residual while the practical man was 
content to regard profits as the obvious residual. 

Later, as the marginal theories developed and differential quotients 
were employed, it came to be believed that each of the four could be 
regarded as marginally determined not by entirely separate laws but 
by acting and reacting on each other “like so many balls in a bowl.” 

Later still the question arose whether this was mathematically pos- 
sible. Could all the factors of production be remunerated on the mar- 
ginal principle and yet the sum total of such remunerations agree with 
the total product and leave no residual, positive or negative? 

Wicksteed showed that, if each of the factors was subject to a law of 
diminishing returns, then the sum of all the returns would check prop- 
erly with the total product provided, however, and only provided, that 
these factors were, when taken together as a group in any fixed propor- 
tions, subject to a law not of diminishing returns but of constant re- 
turns. Wicksteed used mathematical analysis. Later Professor T. N. 
Carver worked out the same result arithmetically. 

The present paper presents the same picture geometrically. For this 
purpose the ordinary geometrical picture in which marginal rates are 
represented by lines is not as well suited as another construction 
whereby each marginal rate is represented by the slope of a curve. This 
slope method is the same in principle as that used in the theory of 
prices by Auspitz and Lieben. 

In the figure shown on the left in the model let the abscissa L repre- 
sent one factor, say labor, and let the ordinate P represent the total 
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product corresponding to the various values of L, every other factor 
being assumed unchanged. 

When L=0, we assume that the total product P will be zero. The 
curve thus starts at the origin and increases continuously in height 
with each successive increment of L. The total wages, that is the 
product of Z multiplied by the slope or rate of wages, will evidently be 
represented by W, the heavy line. This leaves a residual R, to include 
the remunerations of all the other factors. 





Ficure 1. 


The same diagram could of course be used for any other factor of 
production, even land, assuming that, analogously to the labor market, 
successive additional units of homogeneous land are available at a 
market price. 

In that case, the slope, instead of representing wages, would repre- 
sent the rent of land. Land rent would then be represented by the 
heavy line previously labelled W while R would represent, as residual, 
the remuneration of all the remaining factors, including labor. 

The next question is: Whatever L stands for, can R, and the parts 
into which R may further be split, be determined marginally just as 
was W, and, still, when added to W, make up the total product? Light 
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on this question will be thrown as soon as we add another dimension 
to our diagram. 

In the resulting three-dimensional model the vertical ordinate, which 
we shall now call “altitude” still represents the total product P and 
the abscissa which we shall now call “longitude,” extending from the 
origin toward the right, will represent the variable “labor,” L, just as 
originally supposed. 

But we now have, in the remaining dimension, a new variable ex- 
tending back or away from the observer. This will be called “latitude” 
and represents all the remaining factors of production. For the present 
we assume these remaining factors to be all congealed into one group, 
a composite, ZL’, made up of certain fixed proportions of land, and 
implements (or rather of each specific variety of these general cate- 
gories) as well as of every other factor involved. Such a congealed 
composite is here assumed in order that we may get all our factors of 
production into three dimensions. 

We thus have a surface which is the locus of all points having the 
three co-ordinates L, L’, and P, called respectively, longitude, latitude, 
and altitude. It must be a conical surface, with its apex at the origin. 
No other surface will meet our two requirements: (1) that the re- 
munerations W and W’ of the factors, L and L’ respectively, are deter- 
mined by the marginal principle and (2) that, at the same time, the 
sum W+W’'=P. 

Evidently L’s rate of wages, formerly shown as the slope in the left- 
hand figure, is now shown as the slope of this surface, namely the slope 
of a tangent line drawn in a vertical plane running longitudinally. 

Similarly the rate of remuneration of L’ is the slope of another tan- 
gent line drawn through the same point in the surface but in another 
vertical plane at right angles to the first, i.e., running latitudinally. 
These two slopes representing W and W’ respectively are, of course, 
the partial derivatives of P with respect to L and L’ respectively. 

The first-mentioned plane, that containing the tangent expressing 
W, the rate of wages, cuts our surface in a curve, producing the above- 
described figure projected on the left-hand screen of the model, and 
pertaining to Z and W. The other plane cuts that surface in a similar 
curve pertaining to L’ and W’. 

Now these two tangent lines determine a tangent plane. 

If the surface is conical, with apex at origin, this tangent plane, 
wherever situated, must evidently pass through the origin and so must 
always contain an “element” of the cone, i.e., a straight line drawn in 
the surface from the origin to the original point of tangency—a “radius 
vector.” 

The only part of this tangent plane which concerns us is the paral- 
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lelogram formed by the two original tangent lines and the intersections 
of the tangent plane with the two vertical planes formed by the axes. 
Evidently the four-sided figure so formed is a parallelogram since the 
tangent lines run parallel to those planes. The diagonal of this paral- 
lelogram is the element of the cone, or radius vector, just mentioned. 

The model will enable us to see—literally to see with the eye and as 
a consequence of the ‘“‘conical” assumption—that W+ W’ =P and also 
that, without that assumption, in general W+W’+P. 

If we project backward, on to the back screen, the first curve formed 
by a section cut through the given point longitudinally and so parallel 
to said screen, we shall again reproduce the original LP curve and 
tangent. 

In this projected figure W evidently registers the difference in level 
between the two corners of the parallelogram there projected, while the 
residual FR registers the remaining difference of level down to the base 
plane. 

In precisely the same way the projection on the right-hand screen 
shows W’ as the difference in level between the two corners of the 
parallelogram there projected while the residual R’ shows the remain- 
ing difference of level down to the base plane. 

The question as to residuals is now reduced to this: Is R= W’ or 
again is R’=W or again is W on the left-hand screen plus W’ on the 
right-hand screen equal to P? 

The answer is, obviously, yes, as will be seen by a glance at the paral- 
lelogram. Since its opposite sides are equal, the difference of level be- 
tween the ends of one side must be exactly the same as the difference 
of level between the ends of the opposite side. 

We can best follow these differences in level by imagining a fly, 
starting from the given point of tangency, to walk half way around the 
parallelogram to the origin. He can travel in either direction. If first 
he travels in longitude, i.e., leftward as seen by the observer, his de- 
scent along the first side of the rectangle means a drop in level equal 
to W. Then, turning on his staircase, he walks in latitude, i.e., facing 
us, down the next side. This brings him to the origin. In descending 
this second flight he drops down by R. But since this drop (R) of his 
second flight must exactly equal the drop which, had he started the 
other way, he would have experienced in passing down his first flight, 
namely a drop of W’, it follows that R= W’. 

Likewise R’=W; also, since W+R=P=W’'+R’, it follows that 
W+W’'=P. 

But this result (that W+ W’ = P) will not hold true generally for any 
surface other than a conical one with apex at origin; for no other sur- 
face will admit of all tangent planes passing through the origin. 
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Thus, suppose the surface is convex like the surface of a derby hat 
and that it is so situated that the tangent plane, instead of passing 
through the origin, passes above it, intersecting a vertical through it 
at a point R’’ above it. Then evidently P=>W+W’+R’’. That is, the 
fly after walking down W and then down W’ (or W’ and then W) in 
order to get all the way down to the origin will still have to climb down 
a residual distance, R’’, on an imaginary vertical flagpole standing up- 
right over the origin. 

In other words, if the surface is not conical with apex at origin, then 
W and W’ can not both be marginally determined without leaving 
some residual—except of course, in special cases. 

To say that our locus is a conical surface is simply to say, in geo- 
metrical imagery, that, if all the factors of production jointly producing 
a certain product are doubled, the product will be doubled; and if 
tripled, then tripled; etc.—i.e., the product will vary according to a 
law of proportionate return on all factors combined in a given propor- 
tion, as distinct from the laws of diminishing or increasing returns 
applicable to any and all the individual factors. 

In particular, the law of diminishing returns may apply not only as 
it has commonly been applied, namely to capital and labor in relation 
to land, but also to land in relation to capital or to labor. Also when 
the rate of remuneration of any one factor is worked out by one of 
these various methods, it will give the same result as if worked out by 
any other—always provided however, and only provided that the 
“conical” or proportionate law holds true of all factors combined. 

It may also be shown that every curve resulting from a section of the 
cone by a plane parallel to the first plane (the longitudinal one of Fig- 
ure 1, showing Z and W) must be exactly similar to every other longi- 
tudinal section; likewise: Every latitudinal section must be exactly 
similar to every other latitudinal section; also: If one of these sets of 
curves, say the LW set, is according to a law of diminishing returns, 
then the other (L’W’) set will also be according to that law. 

The first of these propositions, namely that parallel conic sections 
are similar is, of course, a familiar one and needs no demonstration 
here. 

The last proposition, namely that if one set of similar sections is ac- 
cording to a law of diminishing returns, i.e., is convex, the other must 
be, may be made evident by observing an infinitesimal portion of the 
model at or near the original point of tangency. 

The convexity of a curve such as that of the first figure means that 
any point in the tangent line infinitesimally near the point of tangency 
lies above the curve. This curve is that caused by a longitudinal section 
of the cone. The same applies to the other, or latitudinal, section. 
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What we wish to prove is that if one of these two curves is convex, 
(and so also all others made by sections parallel thereto) the other must 
be convex (and so also all others made by sections parallel thereto). 

Now conceive our parallelogram, instead of extending all the way 
to the origin, to shrink into an infinitesimal one at the original point of 
tangency and consider, thus in miniature, the two sides over which the 
fly was supposed to walk. The point from which he started was the 
original point of tangency and the point at which he stopped was that 
diagonally opposite (now only infinitesimally distant). This stopping 
point is also a point of tangency—tangency of a latitudinal tangent, 
just as the starting point was of a longitudinal one. 

In passing over these two sides—both tangents—the fly turned, at 
a halfway station. On this corner, in the miniature, we now fix our at- 
tention. 

Evidently that corner lies vertically above the conical surface. More- 
over the particular point in that surface which lies vertically below 
that corner is a point common to the two sections of the cone, namely 
the two vertical sections containing the two respective tangents. 

The fact that this common point lies below the corner proves the 
convexity of both the curves passing through that point, just as the 
convexity of the curve of the first figure is proved by the fact that 
points in the curve infinitesimally near the point of tangency lie below 
the tangent. If one of the two curves is convex the other must be; for it 
is the same common point which tests both curves by being below the 
same common point in both tangents. If it is below one it must be 
below the other. 

It follows from what has been said that, if we start with only one 
solitary curve, say that of the left-hand screen of Figure 1, and then 
generate a cone by swinging around it a radius vector, we shall have 
constructed the entire model, just as geologists reconstruct an entire 
fossil from one bone. 

Translated into nongeometrical terms, this means, among other 
things, that, (1) if we know the law connecting L and W for only one 
value of L’ and (2) if we know that a law of proportionality applies to 
two factors combined, we can derive the complete law in these two fac- 
tors. 

If we were to apply our three-dimensional analysis to less compre- 
hensive co-ordinates by leaving out some factor or factors, we may be 
sure that our surface will not be the conical one represented above. It 
would presumably be more like the surface of the derby hat represent- 
ing not a law of proportionality but a law of diminishing returns, not 
only for each of the two variables separately but also for any composite 
of them both. That is to say, if a vertical plane be passed through the 
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origin it will not cut the surface in a straight line as it necessarily does 
when the surface is a cone, but in a convex curve. This curve represents 
the diminishing return from successive increments of all the factors 
represented in the model—incomplete by hypothesis. 

But since this can no longer be shown by ocular demonstration as 
was done with the parallelogram the result must be shown by the use 
of algebraic symbols—ordinary mathematical ‘‘analysis’’—as follows: 

If the law of proportionality holds true as to all the factors combined 
in fixed ratios, and if these factors are, for convenience, now repre- 
sented by L, L’, L’’, etc., we have, analogously to the former case of 
only two variable factors, 


P= > UW, 


when I, l’, l’’, ete., are coefficients which are constant for any given 
straight line through the origin. Then it may be shown as before that 
dP/dL =I, etc., so that the equation becomes P =>, (dP/AL)L. 

That is, assuming proportionality for all factors combined however 
numerous, the product P may be fully determined by the marginal 
principle without leaving any residual. Also, under any other assump- 
tion than proportionality, a residual must emerge. 

We have implicitly made the usual assumptions in marginal analysis 
such as: that there is continuity; that every factor including land is 
available in infinitely divisible quantities; that each factor is homo- 
geneous; that it bears a fixed market price determined by competition; 
that each competitor acts independently and is so small a part of the 
entire market as to be unconscious of any influence on price; and that 
each person has all the knowledge needed to act in his own best interest. 

But we still have the question: Is it, or is it not, true, when we step 
out of the vacuum chamber of pure theory and put our feet on the 
ground of the real world, that the totai product doubles with a simul- 
taneous doubling of all the factors of production? 

If not, then it is impossible that W and W’ can both be determined 
marginally. 

While arguments could be offered to indicate that this proportion- 
ality law is probably fulfilled approximately, no one would, I think, 
have the hardihood to say or think that it must of necessity always be 
true in terms of real as distinct from hypothetical conditions. 

From this it follows that we must keep a place in any system for 
residuals, 

Practically, of course, we always encounter residuals in the form of a 
balancing item—profits. 

But there is no need here to argue the question; for this article is 
confined to describing our three-dimensional representation. And such 
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a representation may be used to exhibit residuals as well as no residuals. 

This representation has a double usefulness. It helps the classroom 
student to see, literally to see with his eyes, the truth of the following 
four propositions, which are not easy for him to see in any other way. 

(1) A law of diminishing returns may exist for each separate factor 
of production while at the same time a law of proportionality may hold 
true for all the factors taken together in a composite. 

(2) If this is the case, the remuneration of each factor according to 
its marginal contribution to the product will leave no residual un- 
accounted for, but if this is not the case there must be a residual. 

(3) Given a law of proportionality for all facters combined and a 
law of diminishing returns for one factor or group of factors alone, it 
follows that the remaining factors grouped in a composite must be 
subject to a law of diminishing returns; moreover that law must be of 
a certain specified type as determined by the hypothesis just stated. 

(4) Under the same conditions either of the two laws of diminishing 
return applies without change, no matter what the assumed magnitude 
of the other co-ordinate factor or group may be. 

For elementary students not familiar with the concepts and nota- 
tions of the calculus it is only necessary to consider the tangent lines 
as lines drawn through the tops of ordinates one unit apart. 

The other usefulness of this three-dimensional construction is in 
helping clarify the thoughts of economic thinkers themselves; for 
correct visual pictures usually yield the clearest concepts. 


Yale University 
New Haven, Connecticut 





THE MAXIMIZATION OF PROFITS OVER TIME 
WITH CHANGING COST AND DEMAND 
FUNCTIONS! 


By A. SmITHIEs 


THE PURPOSE of this paper is to analyze the behavior of an entre- 
preneur under conditions where the “static”? demand and cost func- 
tions that confront him are changing over time. The device, that is 
sometimes adopted,’ of assuming that an entrepreneur equates mar- 
ginal cost with marginal revenue at every point of time is inadequate 
since it assumes that he lives a hand-to-mouth existence, producing at 
every point of time the amount that he sells at that time. Although 
there are cases where this assumption is justified, it is a commonplace 
that there are important cases when, say, prices and costs are ris- 
ing, or when costs only are rising, where an entrepreneur produces for 
inventory with a view to selling at some subsequent date. An analysis 
of the behavior of an individual under dynamic conditions should take 
account of this possibility, and fortunately the necessary amendment 
to the static analysis can be very simply made.* 

In the first section of this paper, I shall give a nonrigorous non- 
mathematical account of the matter. In the second, the same general 
conclusions will be reached by mathematical methods, and in the third 
the analysis will be applied to a special case where the demand and 
cost functions are of known shape. 


I 


I shall assume, to start with, that ‘an entrepreneur has emerged 
from a depression with no inventories, either of finished products or 
raw materials, on hand, and that he is on the threshold of a period 
during which he expects both prices and costs to be rising for a finite 
period, and, further, that he thinks he can predict with certainty the 
behavior of his demand and cost schedules over the period. The length 
of the period will be determined by the extent of his foresight, and it 
seems reasonable to suppose that he will play safe by planning to con- 
clude the period with no inventories on hand. I shall also assume that 
his inventories consist exclusively of his finished product. 


1 In the preparation of this paper I am greatly indebted to Professor G. Y. 
Rainich of the Mathematics Department of the University of Michigan, and 
also, inevitably, to Professor Evans’ Mathematical Introduction to Economics, 
New York, 1930. 

2 Cf. R. F. Harrod, The Trade Cycle, Oxford, 1936, p. 75. 

3 IT am not suggesting that this is the only amendment necessary. My purpose 
is the modest one of suggesting an extension of the use of the analytical tools 
that have now become part of every economist’s equipment. 
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It is not a matter of indifference to an entrepreneur at what time 
during the period a given amount of revenue is received or a given 
amount of costs are incurred. He will seek to maximize his profits as 
at some particular point of time. It may be the beginning, the end, 
or some time during the period. If he chooses the beginning, he wiil 
discount all prospective returns and costs so as to value them at that 
point, or he may consider returns and costs accumulated to the end 
of the period. But provided the rate of interest used is constant over 
time, the results of his calculations will be the same, whichever point 
is chosen. For the sake of slight convenience in the mathematical 
analysis I shall assume that he makes his calculations as at the begin- 
ning of the period, and that both returns and costs are discounted at 
the same given rate. 

If, for the sake of simplicity, we are content to assume that the only 
costs of holding inventories are interest costs, the process of discount- 
ing will automatically deal with the inventory problem. For if a batch 
of goods is produced at a given time with a view to sale say six months 
thence, the costs of holding the goods for the six months will be ac- 
counted for by the discounting of the prospective returns for six 
months longer than the prospective costs. 

Our problem can now be reformulated: It is required to determine 
production and sales over time in such a way that the excess of the 
present value of the prospective sales over the present value of pros- 
pective costs is a maximum, subject to the condition that the total 
quantity sold is equal to the total quantity produced during the whole 
period. 

Once the problem is stated in this way, its solution becomes fairly 
obvious. With the limitation that an entrepreneur cannot sell what 
he has not yet produced, he is at liberty to sell any quantity at any 
time so as to maximize his revenue. From this it follows that he will 
so distribute his sales as to equalize the discounted marginal revenues 
of the goods sold at all times during the period; since by doing this 
he will have a greater total present expectation of return than with 
any other distribution of sales. Similarly, in order to minimize costs 
of his entire output, he will distribute his production so as to equalize 
discounted marginal costs throughout the period. 

Further, for the net revenue over the whole period to be maximum, 
it is necessary that the present value of the marginal costs of the whole 
output is equal to the present value of the marginal revenue from sales 
over tiie whole period. But these are equal respectively to the equal 
discounted marginal costs of the goods produced and marginal revenues 
from the goods sold at every point of time during the period. Hence 
we have the solution to the problem: In order to maximize his net 
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revenue over the whole period, an entrepreneur will so distribute his 
production and sales as to make the discounted marginal revenue from 
sales and the discounted marginal cost of goods produced at every 
point of time both constant and equal. It should be noted that if we 
chose the end of the period, we should merely have to substitute the 
word “accumulated” for the word “discounted” in the formulation. 
The quantity of inventories held at any time will be merely the differ- 
ence between total production and total sales up to that date. 

It must be noted that this solution may require the impossible, 
namely that total production should not at least keep pace with total 
sales throughout the period. That is merely another way of saying that 
it is not always profitable to produce inventories for future sale during 
a period of change. In such a case, the entrepreneur will maximize his 
revenue by the “hand-to-mouth” method and will equate marginal 
costs with marginal revenue at every point of time. 

Without knowledge of the functions involved and their rates of 
change through time it is difficult to formulate conditions necessary 
for the solution to be of the “inventory”’ or the ‘‘hand-to-mouth” type. 
Dominant considerations, however, will be the relations between the 
rates of change of the demand and cost schedules through time, and 
the rate of discount, and the shapes of the demand and cost schedules. 
Even though both the demand and the cost schedules are rising, the 
rate of interest may be sufficiently high to make the cost of holding 
inventories prohibitive. And if the demand schedule is rising while 
the cost schedule is falling, the rate of discount may be sufficiently 
low to make profitable the productiqn of inventories when demand is 
fairly low in order to avoid increasing cost at a later time when demand 
has strengthened. Where the demand and cost schedules are both falling 
through time, it seems hardly likely that it will be profitable to pro- 
duce for inventories, but it is theoretically possible given a sufficiently 
low rate of discount together with strongly increasing costs.‘ 


II 


Let S=S(t) be the annual rate of sales at time ¢, 
R= R(t) be the annual rate of production at time ¢, 


r be the annual rate of interest, which is assumed constant, 

C=C (R, t) be unit cost at time ¢, if the annual rate of produc- 
tion is R, 

P=P (S, t) be the unit price at time ¢, if the annual rate of sales 


is to be S. 


‘ This, of course, is quite a different problem to the accumulation of inven- 
tories due to an unexpected fall in demand. 











THE MAXIMIZATION OF PROFITS OVER TIME 315 


C and P, together with their derivatives, are known functions, 
while S and R are to be determined as functions of time. 
The problem then is to find S and R so as to maximize total profits 


t 
(1) r= f (PS — CR)e-*'dt, 
to 


subject to 
t1 
(2) f (S — R)dt = 0. 


This is a problem in the Calculus of Variations.® Write 


S+ 0 for S 
and 


R+ for R, 


where o and p are arbitrary functions of ¢, and \is a parameter,0O<A<1. 
Substituting these values in (1): 


t1 
ti J [(S + do)P(S + do) — (R + dp)C(R + dp) Je-redt. 
to 


Now z is a function of \, and for S and R to be the required extremal 
functions it is necessary that 7 should become a maximum where \=0. 
Differentiating partially with respect to \ and equating with zero, 
where \=0, 


©), SL +838)°- (+25) |a=o 
Mua a as)” a. 


From (2) 
(4) J € — p)dt = 0. 


«=p will satisfy (4) hence (3) must hold for the special selection ¢= p. 
Since these functions are arbitrary, this requires 


& This problem differs from those to which the technic of the Calculus of Vari- 
tions is usually applied, since no derivative appears under the integral sign. This 
distinguishes the present problem from those dealt with by Evans, op. cit., 
Chapter XIV; Roos, ‘A Mathematical Theory of Competition,” Amer. Jour. 
Math., Vol. 47, 1925, p. 163; and Tintner, “‘Monopoly over Time,” Econo- 
METRICA, Vol. V, 1937, p. 160. However, Professor Hotelling has applied methods 
closely analogous to the present to the optimum rate of consumption of exhausti- 
ble resources. See his ‘‘Economics of Exhaustible Resources,” Journal of Pol. 
Econ., Vol. 39, 1931, p. 1387. Cf. also Professor Evans’ analysis of discontinuous 
production, op. cit., p. 156, 
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(5) pig ae Lee 
as aR 
Hence (3) may be rewritten 
4 aP 

6 J (P s—) — pe-"'dt = 0. 
(6) k + a8 (o — p)e 
(6) can be satisfied for all shaper of o and p only by 
(7) (P+ s)on =r tant 

38 e-"* = T, a constant. 
Similarly 
(8) (c +R ~~) ‘ 

oemualiiis ee’ cs 

oR 


That is the discounted marginal revenue from sales and the discounted 
marginal cost of goods produced at all points of time are constant and 
equal.® 

The value of I can be obtained by solving (7) and (8) for S and R, 
substituting in (2), integrating, and solving for T. Hence the problem 
is completely determinate. 

For the solution to be economically possible we must have total out- 
put at least keeping pace with total sales, i.e., 


t t 
(9) ] Sdt Ss J kdt, 4 >t > bo. 
to to 


With functions of any shapes that are likely to occur, it is probable 
that condition (9) will be either fulfilled or not fulfilled for all values 
of ¢. Assuming this to be so, if the above solution does not satisfy (9), 
it is evident that the greatest value of x that is economically possible 
will be obtained by solving the problem subject to the further restric- 
tion that sales and output are equal at every point of time,’ i.e., 


6 If costs and revenues are accumulated to the end of the period instead of 
discounted to the beginning, both sides of (7) and (8) will be multiplied by the 
constant factor e which will not affect the result. 

7 This can be shown as follows: suppose S and R have the optimum shapes 
that are economically possible. Then suppose S+Ac and R-+ %p to be all pairs 
of functions which would be preferable to S and R, but which are ruled out as 
economically impossible. It follows from (9) that 


[US +0) — @ +r) lat > 0, i >'t > ts 
that is, : 
t 
f te spel + (R — S)dt. 
to t 


Since this must hold where \ — 0, and since by condition (9) Si,(R —S)at £0, 
it follows that S=R. 


THE MAXIMIZATION OF PROFITS OVER TIME aif 
S=R. 
Using the same methods as before, the solution now becomes 


aP ac 
— =C+S— 


10 P+S8 : 
(20) % os os 


That is, marginal costs=marginal revenue at every point of time, 
without further restriction. 


I 
We shall now turn to consider a particular example. Let 
P = (50 — S)e®-"*, 
C = (0.1R + 1 + 10/R)e1*, 
r = 0.03, 
t — to = 2 years. 


The values of P and C imply that for given volumes of sales and 
production, prices and costs are increasing annually by about 11 per 
cent and 16 per cent respectively. Substituting in (7) and (8) and solv- 
ing for S and R: 


(11) S = — 0.5Te—°-** + 25, 
(12) R = 5Te-°-12 — §, 


Applying these results to (2): 
2 
f (— 0.5Te—-97? — 5Te—9-124 4+. 20)dt = 
0 
Integrating and solving for I: 
Tr = 6.11. 


Substituting this value of T in (11) and (12): 


(13) S = — 3.05e-0+7" +. 25, 
(14) R = 30.54e-0-12 — 5, 


For total production and total sales over the two-year period, we 


have: 
2 2 
J Sdt -f Rdt = 44.3. 
0 0 
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It is of interest to compare these results with those achieved where 
marginal costs = marginal revenue at every point of time. Substituting 
for P and C in (10) and taking S=R, we have: 


(50 — 2S)e°-!* — (0.28 + 1)e®15* = 0. 
Whence 


25 — 0.5¢9-°5 


(15) Ss = —_____. 
1 + 0.1¢9-05 


By graphical integration of (6), we have approximately 


2 
J Sdt = 44,3. 
0 


The approximate equality of the results in both cases is, of course, a 
coincidence. 

The following table traces the history of (138), (14), and (15) over 
the two-year period at half-yearly intervals: 


ANNUAL RaTEs OF PRODUCTION AND SALES 


**Hand-to-Mouth” 


“Inventory” Solution Solution 


Sales (S) Production (R) S=R 


21.95 25.54 22.28 
22.06 23.72 22.21 
22.16 21.05 22.14 
22.25 ‘ 20.48 22.07 
22.35 18.99 22.01 


University of Michigan 
Ann Arbor, Michigan 









A NEW FORMULA FOR THE INDEX OF COST OF LIVING 
By A. WaLp 











I SHALL GIVE in this paper a new formulation of the index formula I 
developed in an earlier paper,! and shall express it as a function of the 
income. Further I shall discuss some properties of this index formula 
and the criteria for its applicability. 


I. THE NEW FORMULA 





























I shall first summarize the classical formula needed in our analysis. 
A point q in the n-dimensional Euclidean space with the co-ordinates 
q,:-*:*, qQ" represents the quantities q@',---, g” of the goods nos. 
1,---, . Each individual has a scale of preferences in this space of 
goods. The scale of preferences can be described by an indicator, that 
is, a real function (q) such that I(q) =I(g) if q and g are two indifferent 
sets of goods and J(q) >J(q) if qis preferred to g. If I(q) is an indicator 
then every monotonically increasing function F(Z) of J is also an indi- 
cator. The set of points g for which the indicator has constant value is 
an indifference surface. 

The quantities consumed are in general uniquely determined as 
functions of the income and the prices by the well-known optimum 
conditions 


(*) al ol ol 
dqi dq? oq” 


a. 
P 












where p‘ are the prices. These conditions express the fact that among 
all sets of goods which can be purchased by the income £,? the indi- 
vidual chooses the set of goods for which the indicator has the greatest 
value. 

Solving the above equations we get the quantities purchased ex- 
pressed as functions of the prices and of income. If we consider a single 
time period with constant prices, then the quantities purchased will 
depend only on the income £, that is to say 


Pe Pe eH Piey** e m PR. 


These equations represent a curve in the space of goods which is 





1 “Zur Theorie der Preisindexziffern,” Zeitschrift fir Nationalékonomie, Wien, 
1937. 


2 We understand by income the total expenditure for consumers’ goods. 
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called an Engel curve. To each system of prices belongs a certain Engel 
curve. 

The Engel curves can be determined empirically in each time period 
by observing the consumption of individuals belonging to different in- 
come classes. The interpretation of the curves thus obtained as Engel 
curves in the above sense is correct only if we can suppose that the 
individuals considered have essentially the same scale of preferences. 
This condition, of course, can be fulfilled only approximately. 

The problem of the index of cost of living can be formulated as fol- 
lows: Let us consider two time periods 0 and 1, denote by po’, - - - , Po” 
the prices in the period 0, and by pi’, - - - , pi” the prices in the period 
1. We suppose that we know the Engel curves Cy and C; in the time 
period 0 and 1. We have to calculate for each income EF) of the period 
0 the equivalent income E, in the period 1. We say that the income EF, 
in the period 1 is equivalent to the income £, in the period 0, if FE, is 
the smallest income which enables us to buy with the prices of the 
period 1 a set of goods lying on the same indifference surface as the 
set of goods bought by E> in the period 0. The ratio Z,/Eo between 
equivalent incomes is called the index of cost of living of the period 1 
relative to the period 0 as basis. Let us denote this index by Poi(Eo). 
The index depends in general on the income £5. 

I shall next indicate the derivation of my formula. Denote by 
Go= (ol, G0, - - -, Qo") a point of the Engel curve Cy and determine two 
points g; and ¢; on the Engel curve C,; such that 


(1) >> po(qi — go) = >> pi(Gi — qo) = 0 (summation over all goods). 


Such points gq: and 4, certainly exist. If it should happen that qi= 41, 
then by (1) 


> Poi = a Pogo and rn = 2 P1Q0. 


From the first of these equations follows Z(qo)2=J(qi) and from the 
second I(qo) SI(q:), where I(q) denotes an indicator. Hence I(qo) =I(q:) 
and Po:(Eo)=>_p19:/>_.poqo. The problem of constructing an index 
number could then be solved exactly using only the empirical data 
Po, P1, @. Consider therefore the case qi ¥ q:. 

The points qi and @, will be near to the point q if the two Engel 
curves Cy and C; are not very far from each other. C; and C; can be 
distant from each other only if the price ratios in the period 0 are very 
different from the price ratios in the period 1. This will in genera! not 
be the case, if the time periods compared are not too distant. 

Denote by go an arbitrary point on Cy in the neighborhood of go and 
such that : 

dX pilgo — qo) ¥ 0. 
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In order to be able to determine an approximation to the index of 
cost of living, we shall make the assumption: 

(a) The indicator I(q) can be approximated by a polynomial of the 
second degree in g=(q', - - - , g") in the tetrahedron T determined by 
the four points qo, Go, 91, 41- 

If the tetrahedron T is small, the assumption (a) is justified. 

If ro is a point on Cy and 7; a point on C; both lying in the tetra- 
hedron 7’, then on account of the assumption (a), the following equa- 
tion can easily be deduced: 


I(ro I(r 
oe (ro) + MOD) os aa 


= i=] 








I(r1) — I(r) 
(2) 


1 
- DX (wopo + wipi)(ri — 70), 


where w, denotes the marginal utility of money in r, (t=0, 1), that is, 
the value of the common ratio in the optimum condition. 

If 7) and 7o are two points on Co, 7; and 7; two points on Ci, all lying 
in the tetrahedron T we ae get: 


Wt Wit t 
(3) inten? 





dX pilF — 71) (t = 0, 1). 


From (2) and (3) we derive: 
>> (wip + wopo) (do — 91) + (wo + Wo) 23 Po(Go — Qo. 
+S (wip + wopo)(G — Go) 


4 
©) 2 af [1@) — 1@)] + [10 — Hao] + ed) — 1@0]} = 


and 
Ze (wopo + wipr)(q1 — Go) + (wi + w1) >, Pilg: — 4) 
(5) + Dd (wopo + wrp)(qo — &) 
= 2{[7(q) — 1(qo)] + (qm) — Tq] + [Z(qo) — 1(@)]} = 9, 
where w,; denotes the marginal utility of money in q and #; in 
qi (t=0, Ds 
From (1) and (4) we get: 
; W: 2, Po(go — 4o) 
(6) Rs eM 
Wo z. Pi(go — Qo) 
and from (1) and (5) we get 
wi a Dd Po(g: — %) 


7 ‘a 
- wo =D, PlGi — %) 
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Let us denote the right-hand side of (6) by \ and the right-hand side 
of (7) by uz. 

It can be easily shown: The Engel curves Cy and C; and the mar- 
ginal utility of money are linear functions of the income in the tetra- 
hedron T. 

The Engel functions g:=f(£:),---, @"=fi"(#:) and the mar- 
ginal utility of money w,(#;) are the solutions of the n+1 equations, 


ol ol 


aq. =wpi=---= qe" = wip", u pg. = Ei, 
t t 
























in the unknown quantities q;1, - - - , q:", we. Since I(q) is a polynominal 
of the second order in the tetrahedron 7, d7/dq‘ is linear in T,, from 
which our proposition easily follows. 

If r,’ and 7,’’ are two points on C; lying in the tetrahedron 7, then 
all points of the segment determined by 7’ and 7,’’ are also points of 
C,. For instance all points of the segment determined by q: and @; are 
points of C\. 

From (1) we can easily derive: 


I(m) S (Qo) S (qi). 


Since J(q) is continuous, there exists a point g; which lies on the seg- 
ment 7g, and for which 


(8) I(q@i) = I(qo). 


Let us denote > pig by E., spi: by Fi, and Doig: by Fi. It is obvious 
that the marginal utility of money w,(Z) is a linear function of the 
income £ in the interval J =[H,, #,]. Hence we have in the interval J 


(9) = 





=ak + B, 

Wo 
where a and £ are certain constants. We can calculate the values of a 
and 8, because the value w,(H)/wo is already known for H=E, and 
E= F,. In fact it is 


wi(E;) W1 
eS SE ome aE Te an 
Wo 


wi(E1) wi 
SS 
Wo 








Wo Wo 












where \ means the right-hand side of the equation (6) and yu the right- 










hand side of (7). 
For a and 6 we get the values: 
ass =" 
(10) a= . and, p=r\-h— 





Bh. - By £5 
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Denoting the marginal utility of money in the point g; by w, we get 


Wi 


ak, + B = = A, 
Wo 
; wi 
(11) oh, +8 =—=4h, 
Wo 
as W1 
ak, +B =—- 
Wo 


On account of (2), (3), and (8) we have 
© (wepo + wips)(G — go) + (wi + W) YS rilG — gs) = 0, 


and therefore on account of (1) 
w 
(12) Zz; Pil™i — Go) + (1 + “x Pr(G~ — m1) = 0. 
1 
From (11) follows 
iy _ oi +0 
Wi aH, + 8B 
If we substitute in (12) for W,/w, the right-hand side of (13), we get 





(13) 


ak, +8 ca 
a — 14+-——_ 1, — B) = 0. 
Dy Pilg a) +( +2 )a 1) 


This is an equation of the second degree in E,. The roots of this equa- 
tion are 





‘ —Bt+e/(ak; + 8)? — aD 


a 


(14) E 


- 


where 


D = (aE, + 8) > pil — qo) and e= +1 0r —1. 
From (14) we get 


— = oF, + 8 = «(al +B)? — aD. 


Wo 


Since W,/wy is a nonnegative number, e must be equal to +1. Therefore 
we have 

a ised ei 2 

— = + V(ai +8)? — aD, 


Wo 
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and hence 
Wi (ak; + B)? — aD a / aD 


. (aE; + 8)? (aE + B)? 


S / _ @ QD) Pilg — Go) 
aH, + B 
Since, according to (1), )\pigo=>-pigi= Ei, we get on account of 
(10) and (11), 


w ee, as ES Glide ‘ie 
(15) Bcgh/ sa De eal te haa S. 
Wi r rN Xr 


If we substitute in (12) for ®,/w: the value Vu/r, then we get from 
(12) on account of (1) 


(16) Po(Ey) = — = ————__ 
E 0 ue 

“ee (a + /~1) 
(16) is the same formula which I demonstrated in my paper already 
mentioned. It can be transformed into a form which for certain pur- 
poses is more convenient. 


Suppose the Engel curves Cy and C; are given by the following equa- 
tions: 


The equations of Cy: The equations of C;: 
do’ = ao'H + Bo’, ni = a'E + BF ; + > Re ge 


We introduce the notations: 


> ap; =a;; and > Bip; = b:; (summation over all goods). 


It is obvious that ay = doo =1, and bu =bo0=0. 

We get from (6) and (7) 
a 1 a 

(17) h=—=— and p=— =a. 
ao1 ao1 au 


On account of (1) we have 
(18) Dd poo = Ds Pon = Eo. 
Since > pq is equal to E, and therefore 

gi’ = a’, + Bi’,)+ +m" 
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we get on account of (1) 
Ayo, + bio = Eo. 
Hence 


Ey — b 
(19) Pal ee > pig. 


aio 
It is obvious that 


(20) ao Pgo = ano + bo. 


If we substitute in (16) for d, u, >. 2190, >.P191, Pogo, and > ,pog, their 
expressions from (17), (18), (19), and (20), then we get 


Qo1 + —V a10001 1 bor — —V Go1410 
aio 


10 
1 + Vandio Eo i. ok »/aoidio : 


or bio 
bo — —V aoi410 


(22) = Pa (Ey) = "A Se she ee aN 
Ao Ey 1+ V/aniaio 


This is the formula sought. If the a and £ coefficients for the Engel 
curves are statistically determined all the magnitudes in (22) are 
known. 

The assumption that the indicator is a polynomial may be repre- 
sented geometrically as follows: For the sake of simplification we shall 
suppose that we have only two consumers’ goods Nos. 1 and 2. The two 
axes in Figure 1 represent the quantities of these goods. Cy and Ci 
denote the Engel curves in the periods 0 and 1 respectively. A straight 
line given by the equation po'q'+p,.°@?=EZ£ is called a 0-budget line. 
Obviously all 0-budget lines—for different H—are parallel. Similarly 
a 1-budget line is defined by p:'q'+p:2¢?=E. Denote by E> the income 
in the period 0 for which we want to calculate the index Poi(Zo), and 
by qo the point of Co purchased by the amount Eo. We shall determine 
the points q, and g, of C;. The point q: satisfies theequation > po(qi— 40). 
Hence is the intersection point of the Engel curve C; with the 0- 
budget line which goes through qo. The point 4 satisfies the equation 
> 7p1(G1—Go) =0. Hence qj: is the intersection point of the Engel curve 
C, with the 1-budget line which goes through qo. 

Our assumption means that the indicator I(q) can be well approxi- 
mated by a polynomial of the second degree in the interior of the 
shaded triangle determined by the points qo, %, g:.* 


(21) P(E») = 


3 Originally we have supposed that I(q) is a polynomial of the second degree 
in the tetrahedron determined by the points qo, Go, 91, 91. Since Go can be chosen 
as near to go as we like, it suffices to assume that in the triangle considered. 
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Is it possible to give statistical criteria for the validity of the poly- 
nomial assumption? This is indeed possible to a certain extent. The 
assumption that J(q) is a polynomial of the second degree in the tri- 
angle qo, 4%, 9: implies the linearity of the Engel curve Ci between q: and 
g:. But the inverse is not true in general. For practical purposes the 
inverse conclusion is, however, rather plausible. That is, if we see that 
the Engel curve C; can be well approximated by a straight line be- 


2 


% 


'- Budget line 





0 - Budget line 


Y 





Fiaure 1. 


tween two points r and s such that the circle with the diameter rs con- 
tains in its interior the triangle qo, q@, G1, we can regard the assumption 
of a polynomial indicator as justified. Such a situation is suggested in 
Figure 1. 

It should be mentioned that R. G. D. Allen and A. L. Bowley‘ as- 
sume the linearity of the Engel curves and they found this assumption 
verified by extensive empirical investigations of family-budget data. 
The income interval in which the Engel curves were found to be linear 


\ 
‘ Family Expenditure, P. 8. King and Sons, London, 1935. 
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is much greater than is needed for the verification of the assumption 
of a polynomial indicator. 


II. THE INDEX OF COST OF LIVING AS A FUNCTION 
OF THE INCOME 


From formula (22) follows that the index as a function of the income 
is a rectangular hyperbola. Let us denote 


bio an 
— bor — ——V aoi410 
Qo1 aio 
— by Cu and —— — 
aio 1 + V G01410 


by do; then we get 





do 
P(E o) = Cu + Pee: 

Eo 
The value C is always positive. The value do: can be positive or nega- 
tive. This depends on the fact whether the luxury goods became in the 
period 1 relatively more expensive than the necessities, or inversely. 

It should be mentioned that Allen and Bowley show in their book, 

Family Expenditure, p. 16, that the index is a rectangular hyperbola, 
if (1) we suppose the linearity of the Engel curves, and (2) we use as 
index formula Po:(Z), Laspeyres’ formula, that is to say, 


>» P1Jo 
Dd Pogo 


The hyperbola derived by means of formula (22) is different from the 
hyperbola established by Allen and Bowley, because formula (22) is 
different from Laspeyres’ formula. 


Pou(Eo) = 


III. THE INDEX FORMULA (22) AND THE 
LIMITS GIVEN BY STAEHLE 


Combining the limits obtained by Haberler® and Koniis,® Staehle’ 
arrives at the limits: 


a Pri = P1940 


< Pou(E.) $ S— > 
Zz Dog x Podo 


5 Der Sinn der Indezahlen, Tubingen, 1927. 

6 See for instance Ragner Frisch, ‘‘Annual Survey of General Economic The- 
ory: The Probiem of Index Numbers,’”’ Econometrica, Vol. 4, January, 1936, 
pp. 1-38. 

7“A Development of the Economic Theory of Price Index Numbers,” The 
Review of Economic Studies, 1935. 





(23) 
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where q: denotes the point of the Engel curve C; for which 


DX Pom = Dd, pogo. 


The value of Po:(Ho) given by our formula (22) lies between the 
two limits of Staehle. Indeed, the points qo and q, in (16) are the 
same points as the points go and q in the limits of Staehle.* Since the 
expression \//) in (16) is nonnegative, and (16) is a monotonic func- 
tion of V/u/X, the value of (16) must lie between 


> P90 > Pi 


i= - and a 
> Pogo > pon | 


that is to say, between the two limits of Staehle. 


IV. THE INDEX FORMULA (22) AND THE DOUBLE-EXPENDITURE 
METHOD OF RAGNAR FRISCH 


The double-expenditure method has been developed by Ragnar 
Frisch in his papers, ‘‘The Problem of Index Numbers,” Econo- 
mETRICA, Vol. 4, January, 1936, p. 29, and “The Double-Expenditure 
Method,” Econometrica, Vol. 6, January, 1938, p. 85. The method 
can be described as follows: Let us denote by qo a point of the Engel 
curve Cy and by q: a point of the Engel curve C,. If the indicator (q) 
can be approximated by a polynomial of the second degree, then we 


have a 
T(q) — I(qo) = 4 do (wopo + wipr)(™ — 40) 
= 3(wod) Pog — Wid, PrGo) 
+ #(wi >> pigs — wo >, Pogo); 


where w,(t=0, 1) denotes the marginal utility of money in the point q. 
Hence for a point qi, for which J(q:) =J(qo), the following equation will 
hold true: 


(24) (wo Dd! Pom — Wid, Pigo) + (wid. Pit: — Wed, Pogo) = 0. 
Frisch makes the assumption that, if I(q1) =Z(qo), then the relation 
Wi Poo 


Wo Pid 








(25) 


is valid approximately. From (24) and (25) follows that, if I(q) 


=I(qo), then 4 x 
De iM 2, Pot = DY, P1902, Pogo. 


8 Also in formula (16) g: denotes the point of the Engel curve C,, for which 
Di po(M — Go) =0. 
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If a point qo of Co is given, we determine the point q: of C; for which 
I(q:) =I(qo), by choosing that point q of C; for which the equation 


holds true: 
DX Pigs 2, Poi = Dy PiGo.d, Pogo. 


The relation between this method and ours consists in the fact that 
Frisch also approximates the indicator by a polynomial of the second 
degree. Besides this Frisch makes the additional assumption that the 
relation (25) is fulfilled. It should be mentioned that if we assume that 
I(q) can be approximated by a polynomial of the second degree, it is 
superfluous to make additional assumptions, because the polynomial 
assumption already suffices for the unique determination of the index. 
If the assumption (25) is fulfilled, the double-expenditure method will 
surely give very good results. However, the validity of (25) cannot be 
assumed generally. In all cases where the approximation by a poly- 
nomial of the second degree is justified, formula (22) gives the best 
approximation to the true value of the index. In cases where the ap- 
proximation by a polynomial of the second degree cannot be assumed, 
we cannot say anything definite about the bias in the results given 
by the formula (22) or by the double-expenditure method.*:° 

We shall show that also the index given by the double-expenditure 
method lies between the limits of Staehle, if the following assumption 
is fulfilled: 

(A) If g, and % are two points of C, for which >\p.9:=)> pig: then 
also > poGi => Pod. This assumption will be fulfilled in most practical 
cases. But it is not necessarily always fulfilled. Even though }\piq 
>>-pigi, it may happen that, for some goods, G:'<q‘."" If for these 
goods po'/p:‘ is much greater than for the other goods, we may get 


> pod <> pot. 


Let q, 9:1, and g: have the same meaning as before. In order to 
demonstrate that the index given by the double-expenditure method 


® We can only say that the bias in the formula (22) cannot be greater than 
the difference between the two limits of Staehle. This follows from the fact that 
the index given by (22) lies always between the two limits of Staehle. 

10 Dr. Wald’s remark must not be interpreted to mean that the double- 
expenditure method can at best give an approximation nearly as good as Dr. 
Wald’s method but never a better approximation. My additional ‘“‘superfluous”’ 
assumption may indeed in many cases correct for part of the error committed by 
assuming the indicator as a polynomial. This seems obvious a priori and has been 
verified by calculations on constructed examples. The double-expenditure 
method turned out as the more accurate of the two about as frequently as 
Dr. Wald’s method did. The deviations from the correct values were of the same 
order of magnitude. Both methods gave very good results but Dr. Wald’s method 
proved to be much more laborious.—RaGNar FRIscH. 

11 See, for instance, Allen and Bowley, Family Expenditure, pp. 13 and 134. 
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lies between the limits of Staehle, we have only to show that 


Ypoqod P90 lies between the values pond 1H and > podid_Prh. 
We consider two cases: 


(I) Spiga. <> pihh. We shall show that in this case 
Dd Poti 2, Pit S PD Pood, Mido S Do Poh DY Dig 
Since >> poqi =>. Pogo and > p14: => 7190 we have only to demonstrate 
that 
; Dy ma SD pig = DY di, 
(26) : se 
DX Poh. = DI pogo = DL pot. 


The first of the inequalities of (26) is fulfilled on account of the as- 
sumption (I) and the second foliows from our assumption (A). 
(II) >°piqm =>_pihi. We shall show that in this case 


Dd. Po 2, Pit. = Ds Poo 2, Pio S Dy Pod Dy Pid. 


Since >> poq1 => pogo and Yah =) pigo we have only to demonstrate 
that 


(27) { Dy Pin = De igo = Dd) pid, 

Dd poh S XL poo = Do pon. 

The first of the inequalities (27) is fulfilled on account of (II), and the 
second follows from the assumption (A). 

If the assumption (A) is not fulfilled for the points q: and @, then the 
index calulated by the double-expenditure method will in general fall 
outside the limits of Staehle. 

Finally we want to calculate the index formula of the double-ex- 
penditure method under the assumption that the Engel curves Cp and 
C, are linear. With the same notation as before we have: 

2 Dodo = Eo; 2; Poli = 2, apoH; + 2. Bipo = G1oHi + bio; 

a Pido = a. aopil’y + a Bopi = anEo + bo; a nn = E,. 
According to the double-expenditure method, the point q, which is 
equivalent to qo, is given by the equation 


Dy Pogo, Pigo = Ly Pog D) Pid. 
If we substitute for > pogo, >, Po91, 2190, Pi: the above expressions, 


we get 
E (aul + Box) os E,(ai10F 1 ++ bio). 
Hence 


E — bio + V bio? + 4ar0do1H o? + 4arobnko 
4, = Se 


2a10 
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and 
— bie + Voit ¥ Feiota F Taicbo Bs 
2ai0Ly 
This index formula becomes equivalent to formula (22) if 
(29) (diobo1)? = Ay0@01(b10)?. 
We get in fact from (28) on account of (29) 
— te + V@ivJawtin tba? [aa 


ce eae 


(28) Po(E) = 





Pou(Eo) = 
ee 2ai0Ho Are 


and the formula (22), as can be easily shown, become also equivalent 
to the formula 


on 
Pou(Eo) ses eed i 


aio 


If the Engel curves Cp and C; are straight lines through the origin, 
then bo, =bi9=0 and (29) is fulfilled. We see further that in this case 


2, P1do 1 > P11 
= and —_ = 


a » Podo G10 bs Poti 


Hence the index formulae (28) and (22) give the same result: 
ao > pigo Zs Pig 
Pou(Eo) = a VS..!DUCUmNSCC!”? 
Q10 za Pogo b Poti 


that is to say, the index formula is reduced to the ideal formula of 
Irving Fisher.” 


ao1 


Columbia University and 
Cowles Commission for 
Research in Economics 


12 Ragnar Frisch (loc. cit.) mentions this fact for his double-expenditure method. 











ON COMBINING MARKET AND BUDGET DATA IN 
DEMAND STUDIES: A SUGGESTION 


By J. Marscuak 


In the work done to obtain demand functions from market data, the 
influence of income changes on demand has been usually eliminated 
(by Professor Schultz and others) by regarding the national income per 
head, R, as a linear component of the demand function; sometimes a 
parameter supposed to characterize the distribution (such as Pareto’s a 
or some index of concentraticn)! was used as another such component, 
e.g.: 


(1) X =ap+bR+ca+d, 


where a, b, c, d are constants and p the price of the commodity (prices 
of other commodities may or may not be included as further variables). 
X, the quantity consumed by the community, is taken from sales data, 
or from production statistics corrected for export surpluses and changes 
of stocks. 

This material can, however, ,be supplemented, and the assumed 
functional relationship between demand and income given an economi- 
cally more meaningful form by the use of budget (or Engel) functions. 
Let the family’s consumption x be represented as an unknown function 
of price p and income r (“personal demand function’’) 2 


z= 2(r, p). 


From budget data collected when the price had a known value p’, 
the personal budget function r=z(r, p’) is obtained. On the other 
hand, independent data on prices (p;) and on national consumption 
(X;) are available for a number of time-points 7 (¢=1, 2,--- ); and, 
for the same time points, the income-distribution functions f;(r) are 
given, [where /> fi(r)dr=1]. Then 


(2) a [ pif (r)dr 


is a function of price only. Example: assume a linear budget function 


x=a-+ Br, 


1H. Staehle, Die Analyse von Nachfragekurven, Bonn, 1929, and his recent 
articles in the Review of Economic Statistics, 1937 and 1938. 

2 Here and elsewhere in this article, allowance might be made for time lags 
between the variables involved. In what follows, instead of saying “time point 
1,” we might say, more generally “obsetvation set 7.” Time lags have only been 
neglected here to simplify the exposition. 
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each of the two parameters depending linearly on the prevailing price p: 


a=a-+kp, 
B=b+lp; 
hence 
(3) x=a+kp +.br + lpr. 


From budgets collected when p= p’ the parameters a’ and 6’ of the 
function 


z=a’'+’r 
are obtained. The equations 

a’ =a+ kp’, 
(4) ; , 

B’=b+ lp ’ 


hold, where a, b,*k, l are the unknown parameters in (3). The national 
consumption (2) at time 7 is equal to 


(5) x= f (a + kp; + br + lps) f(r)ar; 
0 

and 
(6) J fanar =, 

0 

i rf(r)dr = R; = national income per family. 

0 
Hence 
(7) X;=a+t+ kp; + bR; + lp:R;; 


substituting for a and b from (4) and collecting the known terms on the 
left-hand side: 


X;— a’ — p’R; = K(p; — p’) a IRs(p: = p’) (¢ = 1,2,--:- ); 


k, l* can be found from these equations by least squares, then a, b from 
(4). Both the “‘personal demand function” (3) and the corresponding 
“national demand function” (7) are thus found. 

* The field is also open for more general assumptions. For example if 
the assumed personal function is a quadratic in income and price 


3 On the less general assumption that the budget line merely shifts up and 
down with changing prices the term in pr would vanish. 

41=0 if the narrower assumption of the preceding footnote is made; the 
coefficient of 2 is then simply f’, and obtained directly from the budget study. 
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(8) z(r,p) =a+kp + br + lpr + mp? + nr’, 


the corresponding budget function at a price p= p’, arranged according 
to the powers of 7, is 


a(r) =a’ + p’r+y'r, 
where 
a’ =a+kp’+ mp”, 
(9) B’ = b+ Ip’, 
x’ Estey 


and a’, B’, y’ are known. 
From (2), (6), and (8) 


(10) X;=a+tkp; + mp? + dR; + lpR; + nur2,:, 


where pe,; is the second moment (about zero) of the income distribu- 
tion f;(r). Substituting from (9) for a, b, n, and collecting the known 


terms 
X;- (a’ + #’R; + y'u2,:) — k(p; == p’) + m(p* = p:"*) 


+ IRi(p: — p') + ++ (§=1,2,---). 


k, l, and m can be found from this set of observation equations, 
then a, b, n from (9). 

It is seen that no ‘distribution law” (such as Pareto’s) need be as- 
sumed; although if such a law—if only for a limited income range—is 
available, some calculations may be saved. Nor is it essential, although 
it is convenient, to make assumptions as to the form of the personal 
demand function z(r, p).® 


5 It was seen above that the personal demand function (3), although itself 
not unduly simple, leads to a national demand function (7) where no other 
parameters of the income distribution besides average income appear. If the 
second power of income appears in the personal budget function—as in (8)— 
the second moment of the distribution appears in the national budget function; 
which means, incidentally, that Pareto’s a—if his law is assumed—enters the 
equation not linearly—as in (1)—but in the form 1/(2—a). 

The personal budget functions assumed by R. Roy (Metron, 1930) are of par- 
ticular interest because they map out certain extreme hypotheses. Adapting his 
notation to ours, his personal budget functions seem to be: 


a(r) a +£a for r<pata| for the aggregate 
a 


dives. eee sonia of necessaries (a) 
and 
x(r) =0 for r< pata 
T — Pata 
x2(r) aig > for Pata <7 <pot. | for the aggregate 
of luxuries (b) 
xi(r) =f, for r >pofs 


where, for each aggregate, the quantity index, the price index, and the saturation- 
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It is possible to proceed purely numerically. Calculate for each point 
of time (7) the national demand which would take place if the incomes 
changed as they actually did but the price were kept at the level (p’) 
it had at the time of the budget study. This hypothetical demand may 
be written as 


i 3 f x(r, pf(r)dr 
0 


and can be found by summing the products: (consumption at income r 
as recorded in the budget study) X(proportion of people having in- 
come r). We obtain then a time series of (1) the actual X;, (2) the hypo- 
thetical X;,,-, and (3) the prices, and can fit a function 


(11) X = 9(X>p, p), 


from which, e.g., the elasticities of demand with respect to price can 
be calculated. The form of the function g will depend on the price 
and income distribution which happened to exist at the time of the 
budget study. This arbitrary standard (analogous to those implied in 
the technique of “standardized death-rates’’) is, however, no practical 
drawback. The disadvantage of (11) compared with, say (10) is its 
failure to show directly the way in which income changes affect na- 
tional demand at a given price. It has, on the other hand, the advan- 
tage of not relying on any smoothing formulae.® 


All Souls College 
Oxford, England 


quantity index are denoted, respectively, by 2a, pa, a, and Xp, ps, &. Integrating 
as in (2), national demand functions for the two aggregates are obtained. They 
yield demand functions for single goods when further extreme hypotheses are 
tried for each aggregate: the single quantities within each aggregate vary in the 
same proportion; or, the expenditures on single commodities vary in the same 
proportion.—The two pairs of extreme hypotheses, and not (as is often thought) 
the assumption of Pareto’s law, form the essential of Roy’s contribution. The 
same is true of Wisniewsky (Econometrica, 1935) whose assumptions for (single) 
luxury goods are, however, more general than Roy’s. Pareto’s (Giornale degli 
Economisti, 1895, p. 65) assumption for grain could be written z«=ms’/(1+s°) 
where s=r/p, and m, b are unknown constants. All three authors use (2) and 
some analytical distribution function f(r), and Pareto uses also market (but not 
budget) data. 

6 General relationships between personal and collective demand functions are 
studied in more detail in a forthcoming article in the Review of Economic Statis- 
tics, November, 1939. 











THE EFFECT OF THE UNDISTRIBUTED PROFITS TAX 
UPON THE DISTRIBUTION OF CORPORATE EARN- 
INGS—A STATISTICAL APPRAISAL* 


By Francis McIntyre 


I 


Tue aim of this paper is an appraisal of American experience with the 
taxation of undistributed profits during 1936 and 1937. It is in no 
sense an evaluation of the particular legislation involved, nor an attack 
on or defense of the idea of an undistributed profits tax. Our effort is 
rather the measurement, subject to the limitations of the available 
data, of the effect of the Revenue Act of 1936 upon corporate dividend 
policy. 

Of course corporate dividend policy is an amazingly complex and 
heterogeneous economic institution. The decision to retain and rein- 
vest earnings being: complementary to the decision to pay out such 
earnings to stockholders in the form of dividends, corporate dividend 
policy may on some occasions be exclusively reinvestment policy, and 
on other occasions exclusively distribution policy. Probably it is most 
frequently a compromise between the two. 

There is, obviously, no simple answer to the question, what propor- 
tion of earnings “ought” to be retained by a given company in 4 given 
year. Still less are generalizations for all industry possible.| We may, 
however, analyze the available statistical evidence in an effort to dis- 
cover what have been the chief determinants of corporate investment 
and dividend policy, and this is attempted in Section III, below. 


II 


A tax on those profits of corporations which were not paid out to 
stockholders in the form of dividends is not at all new. American post- 
colonial experience with personal income taxation dates from 1861. 
This and other tax legislation of the Civil War period was regarded 
as of a purely emergency character, but the 1864 law contained the 
interesting provision that the earnings of corporations were taxable 


* A portion of this paper was read before the Econometric Society at Detroit, 
December 28, 1938. For computational and other assistance in the preparation 
of this paper I am indebted to Mr. Forrest Danson, Miss Mary Jo Lawley, Miss 
Emma Manning, and Mrs. Vera von Bruening, all of the staff of the Cowles 
Commission, and Mr. Tynan Smith of the University of Chicago. 

1 For an extremely able presentation of the myriad factors determining cor- 
porate decisions to reinvest, see The Investment Decisions of Industry, by Shelby 
Cullom Davis of the Delaware Fund, Inc., read before the American Economic 
Association at Detroit, December 28, 1938, and privately printed. 
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as income to stockholders whether or not distributed as dividends. The 
period following the war saw restored to a new vigor adequate to sup- 
port the Federal budget those sources of revenue then regarded as 
more normal and appropriate, and the modest income-tax rates in 
force were totally abolished in 1872. A short-lived revival of the per- 
sonal income tax in 1894 was terminated by the decisions of the U.S. 
Supreme Court in Pollock vs. The Farmers’ Loan and Trust Co.,? de- 
claring personal income levies to be unapportioned direct taxation, and 
hence unconstitutional. The Congress of 1909 did not regard these 
decisions as prohibiting a tax on corporate income, however, and the 
Supreme Court later sustained this view.® 

While legal opinion seems to regard the Flint case (which sustained 
corporate income taxes as a valid excise) as “better law” than the 
Pollock case, the legislatures of 36 states spared the Court any problem 
of review of its earlier decision by ratifying, between July, 1909 and 
February, 1913, the Sixteenth Amendment to the Constitution of the 
United States, providing for Federal taxation of incomes from what- 
ever source derived. The first personal income tax under this amexd- 
ment provided very modestly graduated rates, the maximum being 
6 per cent on net incomes in excess of $500,000. Steeper graduation of 
rates followed almost immediately, however, and with this develop- 
ment came the first important efforts by individuals to avoid the higher 
rates to which large incomes subjected them, by diverting a portion of 
their incomes into corporations from which no dividends would be 
received. The personal holding company is, of course, simply a single 
case in point.* 

The impression should not be given, however, that the elimination 
of this legal opportunity for tax avoidance was the only, or even the 
chief, purpose of the Undistributed Profits Tax provisions of the Reve- 
nue Act of 1936. In the early years (1913-16) of our modern income 
tax there were provisions for the taxation of unreasonable amounts of 
corporation profits withheld from stockholders. But these were insig- 
nificant in effect, and in the 1918 law did not appear. In 1934 the taxa- 
tion of personal holding companies to discourage that means of tax 


2 157 U.S. (1895) 429; and 158 U.S. (1895) 601. 

3 Flint vs. Stone-Tracy Company, 220 U.S. (1910) 107. 

4 Frederic C. Howe, Taxation and Tazes in the United States under the Internal 
Revenue System, 1791-1895, New York, Crowell and Co., 1896, pp. 90-97. 

Davis R. Dewey, Financial History of the United States, 5th edition, New 
York, Longmans, Green and Co., 1915, pp. 305-306, 486-491. 

William J. Schultz, American Public Finance and Taxation, revised edition, 
New York, Prentice-Hall, Inc., 1934, pp. 456-459, 525-528. 


Alfred G. Buehler, The Undistributed Profits Taz, New York, McGraw-Hill, 
1937, pp. 3-7, 
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avoidance was begun, and in 1936 a surtax was levied on the undis- 
tributed profits of corporations, whether or not such profits were with- 
held in order to avoid the higher brackets of individual income taxes. 
It must be remembered that the individual proprietorship or partner- 
ship was already paying such higher taxes. The undistributed profits 
of a partnership are regarded as, and taxed as, income to the individ- 
uals, whether plowed back into the business or not. At its worst or 
best, however desirable or undesirable one may believe it to be, the 
Undistributed Profits Tax merely equalized to some extent the posi- 
tions of the corporation and the unincorporated enterprise. 

During the House hearings on the new tax proposal, Commissioner 
of Internal Revenue Helvering advanced this point with the following 
constructed example: 


If four single men with no other taxable income form a partnership, which 
earns $1,000,000, the government receives $517,136. If these same men conduct 
their business as a corporation, and pay themselves salaries of $25,000 each, but 
no dividends, the government receives $145,656 in income taxes. Even if the cor- 
poration distributes 50 per cent of its earnings, after payment of $100,000 as 
salary, the tax burden of these men would be $174,000 less than under a partner- 
ship.5 


There had been agitation for such a tax on undistributed profits for 
a long time. Secretary of the Treasury Houston, in 1920, advocated 
an undistributed profits tax, and Professor Adams of Yale argued for 


the undistributed profits tax in hearings before congress at that time. 
It is humorous to note that the National Association of Credit Men, 
who came out with a scathing denunciation of the law in 1938,° issued 
a pamphlet in 1920 urging that Congress should enact an undistrib- 
uted profits tax as a substitute, much to be desired, for the excess 
profits tax. 

Other proposals of a tax on undistributed profits, for the purposes 
of “Equalizing the taxation of incorporated and unincorporated busi- 
ness, and to equalize the taxation of large and small corporations, and 
to prevent the avoidance of the surtax,”’ were made in 1924 (an amend- 
ment offered by Senator Jones of New Mexico to this effect passed the 
Senate, but was defeated in the House); in 1927 the National Tax 
Association advocated an undistributed profits tax, but no specific 
legislation was considered by Congress.’ 

These citations by no means exhaust the arguments of the propo- 
nents of the Undistributed Profits Tax. With many it was frankly a 


5 Hearings on the Revenue Act of 1936 before the Committee on Ways and 
Means, 74th Congress, 2nd Session. 

® New York Times, June 11, 1938. \ 

7 Buehler, op. cit., pp. 7-14. 
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reform measure. American enterprise was so big it was unwieldy, and 
this, they argued, was in large part the cause of this most severe of 
all business crashes. We were overbuilt, overcapitalized—no one could 
expect to make a return on all that had been invested in the boom 
period. This tax would reduce the extent of corporate reinvestment on 
capital account, and restore a healthier balance. Further, when so 
much of the nation’s purchasing power was going into capital goods, 
consumption could not keep pace. Corporate earnings plowed back 
into the business would not stimulate consumption nearly as much as 
would the payment of dividends. And even those who believed there 
should in general be no limit to corporate saving still regarded this 
tax as one way to stimulate consumption in depression, and therefore 
a desirable emergency measure. 

It is, of course, quite beyond the scope of this paper to consider the 
general validity of the theory of business depression implicit in the 
above reasoning. But the extent of acceptance of this doctrine and the 
magnitude of corporate saving make very understandable the demand 
for undistributed profits tax legislation as an economic corrective 
measure. (In the four years 1926-1929, the approximately 400 cor- 
porations included in the Cowles Commission dividend and earnings 
indexes® “plowed back” more than 6 billion dollars out of a total of 
14 billion earned on their common stock in the period, or roughly 
45 per cent). 

When, in 1938, Congress was considering the legislation which effec- 
tively modified the Undistributed Profits Tax out of existence, the 
Administration defended the tax on two grounds: It was claimed that 
the law was an important source of revenue, and must not be removed 
from the statutes without the substitution of other revenue legislation 
of commensurate yield. At the same time it was advanced that the 
measure aided the downtrodden small investor by increasing the dis- 
tribution of earnings which, in the process of being plowed back into 
the business, are frequently plowed under.® Now it is possible to get 


8 Alfred Cowles 3rd and Associates, Common Stock Indexes, 1871-1937, 
Bloomington, Ind., Principia Press, 1938: 

® An attempt to measure the loss to stockholders from the unprofitable rein- 
vestment of corporate earnings is contained in the Cowles Commission study 
previously referred to (op. cit., pp. 42-43). Here the conclusion is drawn that the 
typical investor receives, in the form of an increased price for the common stock 
he holds, only 70 per cent of the value of the undistributed earnings. While this 
percentage may overstate the stockholders’ losses, because of a chronic corporate 
tendency to overestimate earnings in financial reports, there remains consider- 
able ground for the claim that stockholder interests may be served by the in- 
creased distribution of earnings. Additional evidence on the question of the wis- 
dom of reinvestment policy will be considered in a following paragraph. 
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at tax avoidance on the personal income side, and at the same time to 
compel the payment of dividends to small stockholders who are now 
frequently neglected, by making the Undistributed Profits Tax rates 
so severe that they will force distribution. But this means the corpora- 
tions will distribute their earnings, and hence they will pay no sur- 
taxes on them. On the other hand, if the rates are low enough not to 
make corporate saving prohibitive, they provide Undistributed Profits 
Tax revenue, but do not compel the distribution of earnings nor do 
they accomplish anything toward checking personal tax avoidance. 
Thus these two possible results of the legislation are mutually exclu- 
sive, at least on the assumption that no intermediate rate could achieve 
both increased corporate taxation and increased distribution of divi- 
dends.!° 

The question of the wisdom of corporate reinvestment appropri- 
ately requires consideration at this time. Some proponents of the Un- 
distributed Profits Tax support it on exactly the same grounds which 
lead some opponents to reject it: namely, that by compelling distribu- 
tion of nearly all earnings, it would force corporations to obtain all 
new funds in the organized capital market. An able study made from 
the point of view that compulsory resort to the capital market is de- 
sirable for expanding enterprises is presented by J. Ellwood Amos in 
his Economics of Corporate Saving." With extensive documentation, 
Amos concludes that corporate ‘“plowback”’ is more likely to be poorly 
invested than are borrowed funds because there is no investigation of 
such reinvestment by banks or investors; because the rate of interest, 
which weeds out low-return investment, is inoperative; and because 


10 Tn the first draft of this paper there appeared the statement: ‘‘The Adminis- 
tration supported the tax as a source of revenue, and as an aid in securing a 
wider distribution of earnings, yet it should be obvious that the attainment of 
one of these objectives substantially precludes the other.”” This statement is not 
justified, as several friendly critics were kind enough to point out upon reading 
the manuscript after its presentation at Detroit. My error lay, however, not in 
ignorance of the fact that some increase in personal-income-tax receipts is to be 
expected following corporate efforts at tax avoidance through increased earnings 
distribution, but rather in taking for granted the conclusion of this paper (that 
the tax did not materially increase dividend disbursements) in advance of reach- 
ing that conclusion. It must be remembered that the Administration’s defense 
of the tax came after two years of experience with the specific legislation under 
review. The dual grounds on which the defense of the act was based are compat- 
ible only if it be assumed that the Undistributed Profits Tax as enacted was effec- 
tive in compelling an important and substantial increase in the distribution of 
earnings. On the evidence of this study, that assumption seems untenable, and 
hence the Administration position inconsistent. 

1 Illinois Studies in the Social Sciences, Vol. 22, No. 2, 1937, Urbana, The Uni- 
versity of Illinois, Chapter V. 
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corporation directors are almost unanimously of the conviction that 
“bigger means better.”” Among cited opinions on this point, that of 
David Friday is perhaps most succinct: ‘“The volume of capital forma- 
tion in no wise depends upon the wisdom or unwisdom of its invest- 
ment.’’? 

The opponents of the Undistributed Profits Tax were not, of course, 
innocent of contradictions. It was charged that the measure would 
raise corporation taxes exorbitantly. (This assumed that the tax would 
be paid, i.e., that the earnings would not be distributed.) It was also 
alleged that the law would discourage prudence, compel the distribu- 
tion of every cent of earnings, leave nothing for a rainy depression, 
drive capital out of industry. (This argument assumed that earnings 
would be distributed; i.e., that the Undistributed Profits Tax would 
not be paid.) 

Among recent popular criticism of the Undistributed Profits Tax 
that in the “Fortune Round Table” on Taxation" is rather surprisingly 
unsophisticated. The notion—discussed above and considered in de- 
tail by Amos®—that corporate investment would be more soundly 
done if corporations had to secure their funds in the ecmpetitive capital 
market than it is when they simply withhold a portion of earnings from 
stockholders is dismissed as almost too ridiculous to merit comment. 
This position would have been much better defended had the ‘Round 
Table” authors taken the point of view held by Colm" that until the 
capital market is itself able to function more adequately, self-financing 
of expansion will be a necessity. There remains perhaps the unanswer- 
able question to what extent corporations wishing to expand and un- 
able to reinvest earnings might succeed in reviving the capital market. 
Here any opinion at all is surely hazardous. 

Another astonishing statement in the ‘Round Table” discussion is 
the following remark: “‘Few of us, moreover, regard the theory of over- 
saving as having been established. Even if the theory were sound, it 
would not follow that a tax penalizing corporation investment would be 
justified.””!7 Now the Undistributed Profits Tax penalizes the retention 
of corporate earnings, not their investment, and surely the phenomenon 
of so-called “reinvestment” taking the form of mere increase in the 
corporation’s cash position is not so remote as to be unremembered. 

12 American Economic Review, Vol. 23, Supplement, p. 95. 

18 Fortune, May, 1939, pp. 113-114. 

14 Page 339. 

16 Loc. cit. 

16 Colm, Gerhard, ‘‘The Revenue Act of 1938” Social Research, Vol. 5, No. 3, 
September, 1938, pp. 276-277. 


17 Fortune, May, 1939, p. 1’4. Italics in original. Attention should be called to 
the harsh use of the subjunctive mood. 
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Further, the advocates of a tax on undistributed profits as a means of 
avoiding oversaving are not apologists for a naive underconsumption 
theory of business cycles. Disciples of the new Keynes identify saving 
and investment, at least in the aggregate, but even among the great 
unwashed (i.e., the non-Keynesians) there is a large group which holds 
corporate saving excessive in that it leads to a diversion of too large a 
portion of the income stream into the purchase of capital goods, causing 
acute excess capacity.!® Perhaps the right name for this is overinvest- 
ment rather than oversaving, but in that case the advocates of this 
tax must be credited (or charged) with an overinvestment theory of 
business depression. 

If this maze of opinion is as contradictory as it appears under rather 
careful examination, the unanimity of acceptance of the conclusion 
that the Undistributed Profits Tax caused a great increase in the dis- 
tribution of earnings is somewhat surprising. After the law had served 
its two years (1936-37) and been in effect repealed, those opposed to 
. the tax wrote of the unwise distribution of earnings!® while its advo- 
cates praised its benefit to the small stockholder. There appears to 
have been only one prominent dissenter to this inference. In 1936, 
before any data were available, Professor Lutz of Princeton predicted 
in the new edition of his text on public finance that the corporations 
of the country would not depart from established dividend policy, and, 
in so far as that policy increased their tax burdens, they would pay the 
taxes. 

Few serious efforts to support by statistical evidence the widely held 
and expressed opinions seem to have been made. A notable exception 
(the Colm-Lehmann study) will be considered in the next section. The 
statistical analysis which follows is an attempt to give objective answer 
to the question: What were the results of this particular American 
experiment with an undistributed profits tax? 


III 


The data of this study are taken from the work sheets used in com- 
puting the Cowles Commission’s Common Stock Indexes, 1871-1937. 
These indexes of prices, prices including the accumulation of cash 
dividends,” earnings, earnings-price ratios, dividends, and yields meas- 
ure investment experience for 67 years. The price indexes are monthly, 
and include every issue quoted on the New York Stock Exchange for 

18 Note especially in this connection Haberler, Prosperity and Depression, 
Geneva, League of Nations, 1937, Chapters 3 and 5. 

19 See especially Sumner H. Slichter, ‘‘The Downturn of 1937,” Review of 
Economic Statistics, August, 1938, pp. 100-101. 

2 Throughout this study, “dividenl’’ refers to the cash payment made to 


holders of common stock, and “earnings’’ to the corporate profits available for 
distribution to these stockholders. 
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two or more consecutive months, 1871-1917, and more than 90 per 
cent in value of all common stocks on the Big Board for the next 
twenty years. The annual dividend indexes are equally inclusive, and 
the annual earnings indexes practically so, averaging 85 per cent cover- 
age. The price, dividend, and earnings records of more than 1200 com- 
panies were analyzed. Over 400 companies appear in the indexes, in 
each of the recent years. 

These records were obtained from Moody’s Manuals and Supple- 
ments, and from the Commercial and Financial Chronicle, and include 
all of the companies in the price indexes for which earnings reports 
were available. An alternative source giving aggregate data on many 
more concerns, but not providing a breakdown into satisfactory indus- 
try subgroups is of course the Statistics of Income reported by the Fed- 
eral Treasury. This source, which has been used by Amos,” was rejected 
for this study because net income for tax purposes may be very differ- 
ent from the net profit on the basis of which corporate directors plan 
dividend policy. It seems fair to suppose that what the directors report 
to their stockholders as net income is actually the figure upon which 
decisions are based. These reports are the ones summarized in the 
Manuals and Chronicles, and it is therefore upon them that our com- 
putations are made. 

The computation of a dividend-earnings ratio may be based on the 
records of all reporting corporations, on the records of those com- 
panies showing positive earnings,” or on the records of only those 
concerns revealing earnings in excess of dividends.” The first method 
was the one employed in this study. It tends to measure (subject to 
the adequacy of the sample) the ratio of total dividends to total earn- 
ings for all industry. A corporation is privileged to pay out dividends 
as long as any surplus available for this purpose exists. Therefore the 
decision to pay dividends in excess of positive earnings and the deci- 
sion to pay dividends despite losses are equally disinvestment, and they 
would seem to deserve equal treatment in a study of corporate dis- 
tribution practice. On this argument, the exclusion of corporations 
simply because they fail to show positive earnings is unjustified. The 
discarding of dividend and earnings records of all corporations which 
disinvest (i.e., retaining only those companies with earnings in excess 
of dividends) is not subject to this criticism, but while this method of 
selection gives equal treatment to all cases in which part or all of divi- 
dends come from surplus, it excludes a great many corporations in a 


21 Op. cit., pp. 31 ff. 
22 Colm, op. cit., p. 277; Amos, op. cit., Chapter III. 
3 Gerhard Colm and Fritz Lehmann, Economic Consequences of Recent Ameri- 


can Tax Policy, New York, The Graduate Faculty of Political and Social Science, 
New School for Social Research, 1938, pp. 34-35. 
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position to save a great deal, and whose investment decisions are of 
major importance to all industry. Further, a haphazard element is 
introduced, because dividend decisions are usually made before earn- 
ings reports are complete, and a firm intending to distribute 90 per 
cent of (say) 1937 earnings may be excluded because an earnings report 
appearing in June, or even September, 1938 shows that the dividends 
were 105 per cent of earnings. Nevertheless, as a partial test of this 
approach, we calculated the percentage of earnings distributed to 
stockholders during each year of the decade 1928-1937 by those cor- 
porations in our sample which reinvested some portion of their earnings 
in the year in question. The results of this computation appear below, 
along with the results of the larger study including all reporting com- 
panies in the Cowles Commission indexes. 

The question of an appropriate measure of the general level of busi- 
ness activity may also be raised. Since it was desired to employ such 
an index in ratio-to-trend form, the familiar Cleveland Trust index was 
used. This selection provides a long-period series which may be com- 
pared with the Cowles Commission indexes for the past 67 years. 

When the ratio of total dividends to total earnings is plotted against 
the ratio of business activity to trend, as in Figure 1, the high negative 
association is at once apparent. In fact general industrial prosperity 
seems to be the most important single factor determining the dividend- 
earnings ratio. This tendency of corporations to reinvest most heavily 
during booms is neither new nor surprising. It is an important element 
in Colm’s argument.” Yet it is apparently omitted from Amos’ analy- 
sis of ‘Factors Affecting Corporate Savings.’ 

For all companies, the percentages of earnings distributed in 1936 
and 1937 were near the average for the last 67 years. Twenty of the 67 
years saw dividend-earnings ratios higher than 74 per cent—the 1936 
figure. The 1937 percentage was just over 78 per cent. There were four- 
teen years, more prosperous than 1936, and without any undistributed 
profits tax, in which the ratio of dividends to earnings exceeded that of 
1936. In brief, the law did not cause a substantial change in corporate 
dividend policy. 

Since the Cowles Commission indexes are presented for Industrial, 
Rail, and Utility common stocks and 65 subclassifications under these 
headings, as well as for All Stocks combined, we may observe which 
industries show the greatest signs of having been affected by the Undis- 
tributed Profits Tax during the two years of its operation. 

For the three broad types of companies we can say only that the 
continuing financial plight of the carriers makes conclusions impossible, 


MOD: Ci; DP: 20e. 
% Op. cit., Chapter IV. 
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the Utilities were entirely unaffected, and the Industrials show some 
slight effect of the tax. Specific industries which evidently increased 
substantially their proportionate distributions on account of the tax 
are: Sugar Producing and Refining; Theatres; Silk and Silk Goods; 
Containers; and almost all subdivisions of Retail Trade. This last 
classification includes Drug Chains, Grocery and Meat Chains, Res- 
taurant Chains, Mail Order Houses, and Department Stores. 

A larger group of industries must be listed as “doubtful’’—i.e., 
showing only slight effect if any. These include: Railroad Equipment; 
Miscellaneous Manufacturing; Electrical Equipment; Food Products; 
Office and Business Equipment; Tobacco Products and Cigarettes; 
Autos and Auto Parts; and Cotton. 

Finally, we may say there is considerable evidence that the law had 
no aggregate effect upon the dividend policies of the following indus- 
tries: All subdivisions of Utilities, whether operating, holding, trac- 
tion, or telephone; Mining and Smelting; Steel and Iron; Household 
Products; Copper and Brass; Machinery and Machine Equipment; 
Chemicals; Oil Producing and Refining; Building Equipment; Drugs, 
Medicines, and Cosmetics; Radio; Beverages; Rayon. 

These conclusions have been drawn after a study of the dividend- 
earnings ratios for each industry, with special reference to the config- 
uration of points (like the one shown in Figure 1) and the position of 
the ratios for 1936 and 1937 in this configuration. 

In order to compare the above conclusions for all companies with 
those which might be drawn from an analysis based entirely on cor- 
porations showing some reinvestment (i.e., dividends less than earn- 
ings), the following table was constructed: 























TABLE 1% 
Number of Total Total Ratio of 
Year Included Earnings Dividends Dividends 
Corporations |‘ (000 omitted) | (000 omitted) to Earnings 
1928 341 $3 ,606 ,476 $1 ,902 ,723 52.8% 
1929 338 4,152,765 2,166 , 647 52.2% 
1930 239 2,567 ,413 1,601,184 62.4% 
1931 142 921 , 202 660 , 274 71.7% 
1932 93 433 ,598 302 ,784 69.8% 
1933 215 917,481 515,891 56.2% 
1934 219 1,111,823 718,295 64.6% 
1935 276 1,567,703 851,984 54.3% 
1936 317 2,548,759 1,674,783 65.7% 
1937 273 2,622,488 1,752,258 66.8% 


26 Based on all Industrial, Rail, and Utility corporations in Cowles Cox:mission 
indexes which made earnings in excess of dividends for the year shown. 
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This is undoubtedly too short a period to permit the making of ex- 
tensive generalizations, yet a few hesitantly advanced observations 
may be in order. There is a temptation to compare 1936 and 1937 with 
only the two immediately preceding years, and to conclude that an 
increasing ratio of disbursement, accompanying a rise in prosperity, 
proves the effect of the Undistributed Profits Tax. But the long period 
of low dividend payments (in dollars) undoubtedly influenced some- 
what the decisions of directors to increase the dollar amount of dis- 
tributions as much as possible, as soon as increased earnings had 
covered the bare minimum of reinvestment requirements. 

Further, there were other real and imagined deterrents to the rein- 
vestment of corporate funds, of which sufficient political capital has 
already been made without their mention here. Going back a few more 
years, it may surely be said that the ratios for 1936 and 1937 do not 
exceed those for 1928 and 1929 by more than the greater prosperity of 
the earlier years would lead one to expect. Also, the ratio for 1930 is 
higher than for either 1936 or 1937, although the Cleveland Trust 
index shows 1930 as a more prosperous year (measured in terms of the 
ratio of business activity to trend) than were either of the two years 
during which the Undistributed Profits Tax was a serious part of our 
fiscal structure. 


IV 


The conclusion that the Undistributed Profits Tax did not materially 
increase the distribution of corporate earnings is in conflict with popu- 
lar opinion. If the elementary statistical analysis presented above, and 
the conclusions drawn from it, are valid, this conflict is probably due 
to the greater newsworthiness of an increase in dividends, as compared 
with a continuation of established policy. One item of publicity which 
was evidently misleading was the news that dividend payments in 
November of 1936 set a new high record for a single month.2’ This was 
interpreted by some writers®® as proof of increased disbursements due 
to the tax; but it now appears more probable that this peak was due, 
not to an increase in the percentage of earnings which corporations 
intended to distribute, but rather to an advancement of the date of 
distribution. The Revenue Act of 1936 provided that the credit for 
dividends paid might be taken only for dividends distributed during 
the taxable year.?® Thus the law compelled corporations which nor- 
mally awaited the year’s earnings report before declaring a final divi- 
dend (usually in February or March) to estimate the profitability of 


27 New York Times, Nov. 29, 1938». 
28 See, for example, Amos, op. cit., pp. 117-118. 
29 Buehler, op. cit., p. 213. 
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the year’s operations as much as two months before the close of that 
year, in order to permit the declaration and payment of a dividend 
within the period of credit allowance. 

It would appear, then, that economic historians and students of 
public finance ought to evaluate the recent American experience with 
a tax on the undistributed profits of corporations in terms of its effi- 
ciency or lack of efficiency as a revenue measure, and not as a reform 
measure. It evidently accomplished very little toward the reduction 
of corporate saving, in the aggregate, and the small investor was ap- 
parently no better off than before. 


Cowles Commission for 
Research in Economics 





A NOTE ON IRVING FISHER’S CONCEPT OF INCOME* 
By Crypr H. Graves 


PRoFeEssor FisHER in his paper ‘‘Income in Theory and Income Taxa- 
tion in Practice’! claims that: (1) he has demonstrated? mathemati- 
cally that such accruals as, e.g., capital gains, appreciation, and saving 
are “not properly income,’’* and that (2) taxation of accruals of this 
order under an income tax modelled after the type of concept of taxable 
income which underlies the present federal and most state personal-in- 
come-tax statutes is productive of ‘double taxation.’’ 

In the present note, an analysis will be made of the relation between 
Professor Fisher’s assumptions and conclusions. 

By way of defining some basic concepts apparently necessary to his 
demonstration Professor Fisher defines income as a “flow of services 
through a period of time’’ and capital as “quantity of wealth existing 
at a particular instant of time.’’ Wealth, according to Fisher, consists 
of material objects owned by human beings. Services are the benefits of 
wealth. At a particular instant of time a person may hold title to a 
certain amount of wealth. In that event the person under consideration 
will receive services from his wealth during an interval of time. For 
example, a power plant is wealth, the electricity produced is service, 
and income is the amount of electricity, number of kilowatt-hours used 
over an interval of time. It is with the “correct”? measurement of in- 
come in time that Professor Fisher is primarily concerned and it is for 
the purpose of income measurement that he constructs a meter whose 
mechanism bears investigation. 

It is to be noted that Professor Fisher in ‘‘Income in Theory and 
Income Taxation in Practice” is not concerned with the changes in 
“capital” but only with “services” which are derived from capital. 
According to him, the two concepts are often confused, and “capital 
gain” is a change in “capital” and therefore not a “service,” and there- 
fore not income. 

Using the notation introduced by Professor Fisher, let: 

Y = Psychical services (satisfactions «1d dissatisfactions) produced 
by a certain quantity of wealth, measured in dollars, and re- 
ceived in a certain interval of time. 

* This note was suggested by Dr. P. H. Wueller’s paper ‘Concepts of Taxable 


Income II; The American Contribution,” Political Science Quarterly, December, 
1938. 

1 Fisher, I., “Income in Theory and Income Taxation in Practice,’”’? Econo- 
mETRICA, Vol. 5, No. 1, January 1937, p. 1 et seq. 

 Ibid., p. 47. 

3 [bid., p. 2. 

4 Ibid., p. 2. 
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>> Y=Total psychical services received in the interval of time. 

Y,= Positive psychical services (satisfactions). 

Y,= Negative psychical services (dissatisfactions). 

R=Money value of “real services” of consumption goods. 

M,=Money spent on consumption goods. 

M,.=Money received from work (salary, wages, fees, commissions, 
etc.). 

M,=Money received in the interval of time from investments of 
property, including any proceeds of sales of property, gifts, 
bequests, loans—all money receipts whatever not included in 
M,. 

Ma=Money disbursed, including purchase price of property, inter- 
est, payment of loans—all money disbursements not included 
in M,. 

m= Money paid out from cash assets less money debited to cash. 
U =Uncelassified services. 
I=Income received in the interval of time. 

Professor Fisher’s definition of income [the algebraic sum of all 

services received—his formula (21) ] follows: 


I=()/M,- 2 Ma)'+ (2 Me -— DY;,) 
+(DR -— 2M) +(e — 2B) +m + 0. 

This is equivalent to 

(2) I=>\Y,- Dd Y.+ U. 


Assuming, as Professor Fisher does, that U=0, income becomes 
ipso facto the algebraic sum of psychical services. Therefore [his for- 
mula (24)] 


(3) I=) Y,- DY, 


In order to measure J, Professor Fisher makes the following assump- 
tions: 

(1) Psychical services are measurable, at any rate indirectly (p. 31). 

(2) The value (i.e., the measure) of the sum of negative psychical 
services is provisionally and for practical reasons to be zero (p. 33). 

(3) The only psychical services which are to be included in the defi- 
nition of income are those which correspond to objective services, i.e., 
there is to be one-to-one correspondence between Y items and R 
items (p. 33). 

(4) The value of a Y item is “normally” equal to the corresponding 
value of the R item (p. 33). 

(5) The money value of an objective service equals the money spent 
for the service. 


(1) 
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Assumptions (4) and (5) imply that the money value of a psychical 
enjoyment equals the price paid for the objective service which pre- 
sumably induces that enjoyment. 

From these assumptions it follows that: 


I=>Y,-— > Y.= Y,= R= OM. 


In fine, the combined effect of the above assumptions is to equate 
income and consumption. 

It may be asked what is to be gained by constructing the system 
of concepts in such a way that income is consumption? And, if such a 
system is wanted, we might construct it in a less elaborate way, simply 


by writing 
I= > M.. 


If the above equation is accepted as an adequate definition of in- 
come it follows immediately that accruals of the order of capital gains 
are by definition excluded from the category of accruals which partake 
of the nature of income. 

If we do not follow Professor Fisher’s more elaborate method, the 
adequacy of his concept of income must be evaluated in terms of the 
conventions which he selects for the purpose of giving his definition 
content. 

Why is it assumed that >> Y,=0? There are no doubt many practical 
difficulties involved in measuring the value of “dissatisfactions” but 
probably no more than in measuring the value of “‘satisfactions.’’® 

However, it is in connection with his postulation of (3) that Professor 
Fisher departs radically from contemporarily employed concepts of 
taxable income. It is coincident to the establishment of this convention 
which leads directly to the measurement of }>Y, that Professor Fisher 
chooses to measure and count only those psychical services (satisfac- 
tions) which are coupled with and presumably causally related to so- 
called ‘‘objective services’’ which are evidenced by the destruction of 
consumption goods and which are measured by the market price of 
these goods. It has been pointed out previously that this deletion of 
what are commonly considered income constituents from the income 
category is inconsistent with Professor Fisher’s basic doctrinal orienta- 
tion® and contrary to the social objectives of personal income taxes.” 
For purposes of the present Note, however, it suffices to say that the 

5 Haig, R. M., “The Concept of Income—Economic and Legal Aspects,” in 
The Federal Income Tax, New York, 1921, p. 1. 

6 See Wueller, P. H., “Concepts of Taxable Income II; The American Contri- 
bution,” Political Science Quarterly, December, 1938. 


7See Simons, Henry C., Personal Income Tazation, University of Chicago 
Press, 1938. 
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necessity for the exclusion has not been mathematically ‘“demon- 
strated.” 

Without passing judgment upon Professor Fisher’s concept of tax- 
able income as outlined above as a tool of social policy, it is proposed 
to investigate his claim that incorporation of his definition into fiscal 
statute would eliminate present ‘‘double taxation.’’® 

According to Professor Fisher ‘‘double taxation’ is inevitable when- 
ever a fiscal statute is patterned after a concept of income of the 
accrual type. Attempting to substantiate this claim Professor Fisher 
observes: ‘‘When a salaried man pays a tax this year on his whole 
salary, including what he saves and invests, and in future years pays 
taxes on the income then coming in from this year’s savings, he is the 
victim of double taxation.’’® By double taxation Professor Fisher 
means that the present value of the tax on the income from the savings 
equals the income tax paid on that fraction of a given income which was 
originally devoted to savings purposes.!® In other words Professor 
Fisher claims that if a given person receives in a given year an income 
of (say) $1000.00 and if out of that income he saves and invests 
$100.00, the present value of the future income-tax payments due on 
the interest from the $100.00' saved will equal the tax due on the 
$100.00 for the year during which it accrued as income, or, to use 
Professor Fisher’s own terminology, for the year during which it ac- 
crued as “‘total gain.” 

Professor Fisher’s contention is true only if it is assumed that (a) 
the capital saved will never be spent, and (b) that the income-tax rate, 
in Professor Fisher’s terminology the.rate of tax on ‘total gain,” re- 
mains constant in time. However, it can be demonstrated that, if it 
be assumed that (a) either the tax rate on “total gain’’ will decline with 
the passage of time, or (b) that the capital sum saved will be dissipated 
at some future date, the present value of the successive tax payments 
due on the income from the savings will be less than the tax imposed 
upon the savings at the time when they accrued to a given individual 
as part of his “total gain.” 

Let: 

J =Total gain,” that is, income as defined in accordance with con- 
cepts of income of the accrual type; in Fisher’s terminology, 
‘fncome before savings are taken out.”’ 

E=“Expenditure,” that is, outpayments for consumption goods; 
in Fisher’s terminology, “income after savings” or “income.” 

8 See Fisher, I., loc. cit., p. 48. 


* Ibid., p. 47. 
10 Thid., p. 47. 
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S=“Savings,” that is, the difference between “total gain” and “‘ex- 
penditure.”’ 

r= Rate at which “total gain” is taxed annually, hereafter referred 
to as “income-tax rate.” 

j= Rate at which expenditures are taxed annually, hereafter re- 
ferred to as ‘“expenditure-tax rate.” 

7=Interest rate, compounded annually; that is, rate of return on 
savings. 

n= Number of years over which capital sum saved is maintained 
intact. 

t=Time, measured in years, taking the present as origin. 

v=(1+7)". 


B=Present value of both “income”’ and “expenditure’”’ taxes. 


For purposes of investigating the effect of the taxes on S, it is as- 
sumed that in the future the income from S will all be spent and that 
it will be subject to both an income and an expenditure tax. It is fur- 
ther assumed that S will be spent in n years from date and when spent 
will be subject to an expenditure tax. These assumptions will make the 
value of B larger than if the expenditure tax on the income from S is 
calculated after deducting the income taxes paid. It is assumed that 
the interest rate is constant, but that both r and j change ia time and 
that they are represented by linear functions of t. 

Let 


r=m-+k, 


at + b, 


j 
where 
m=slope of the trend line of the income-tax rate, 
a=slope of the trend line of the expenditure-tax rate, 
k =the income-tax rate at the present instant of time, 
b=the expenditure-tax rate at the present instant of time. 
The income from the savings each year will be Si. Since B is defined 
as the present value of the taxes paid, it follows that: 


B=kJ+bE+ 9 (mt + k)Sivt + >> (at + b)Sivt + (an + b)Sv" 


t=) t=] 


= kJ +bE + Si (m dwt +b D o*) 


t= t=1 


+ Si (ad ty? + b> o) + (an + b)Sv" 
tenl 


t=] 


= kJ -+ bE + (an + b)Sv* 
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The value of B will now be determined for a few special cases. 
Case I. Assumptions: 
1. The amount S is never spent. 
2. The income-tax rate is constant (m=0). 
3. The expenditure-tax rate is zero (a=b=0). 
Then 
B=kE + 2kS. 


The above is the special case which leads to Professor Fisher’s con- 
tention regarding the ‘‘double taxation” of savings. In the case under 
consideration it is true that the present value of the future income-tax 
payments due on the interest from the amount S s: ved will equal the 
tax due on S in the year during which it accrued as income. 

One may, of course, object to such “double taxation” provided one 
is prepared to show that it is (1) either ‘‘unfair,”’ or (2) represents an 
impediment to economic progress. Thé first charge is not arguable, un- 
less and until the concept of equity is rigorously defined and agreed 
upon. The validity of the second charge is a function of one’s views re- 
garding possible patterns of progress. For the limited purposes of this 
paper it suffices to say that there would seem to be alternative patterns 
of progress! and that the role of savings as a contributory factor to 
progress varies as different patterns are subscribed to. 

Case II. Assumptions: 

1. The amount S is never spent. 

2. The expenditure-tax rate is constant (a=0). 

3. The income-tax rate is zero (m=k=0). 

Then 
B=bE+D.S. 


In this case the present value of the expenditure tax on the income 
from S is the same as the value of the tax on S if the amount S was used 


11 Colm, G. and Lehmann, F., Economic Consequences of Recent American Tax 
Policy, New York, 1938, pp. 3-9. 
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for purposes of expenditure in the year in which it accrued as income. 

The above is the special case which leads Professor Fisher to con- 
clude that an expenditure tax (called by him an “income tax”’) is to 
be preferred to a tax on “total gain’? (commonly referred to as an in- 
come tax) because, according to Professor Fisher, a tax on expenditure 
does not discriminate against the “saving use”’ of a given time period’s 
net accruals. It will be shown subsequently that this contention is 
justifiable only if it is assumed that a=0. 

Case III. Assumptions: 

1. The amount S is never spent. 

2. The income-tax rate is constant (m=0). 

3. The expenditure-tax rate is constant (a=0). 


In this case 


and again, the “saving use” of a given time period’s net accruals is 
taxed heavier than the “spending use,” the degree of discrimination 
being a function of the income-tax rate. 

Case IV. Assumptions: 

1. The amount S is spent at the end of n years. 

2. The income-tax rate is constant. 

3. The expenditure-tax rate is constant. 
Then 

B=bJ/+kE + kS(2 — v"). 


The effect of the income tax on savings is a function of the time 
period over which th’ savings are maintained intact, the differentia- 
tion against savings becoming accentuated as n increases but never ex- 
ceeding the differentiation indicated under Cases I and III. The factor 
(2—v") approaches 2 as n increases but for all values of n will be less 
than 2. The following illustration indicates how the length of the time 
period affects the value of the “discrimination factor.” 

For 1=.04, n= 10, (2—v") = 1.3244; 

n= 25, (2—v") =1.6249; 
n= 50, (2—v") =1.8593; 
n=100, (2—v") = 1.9802. 

Though the above illustration indicates that the value of the dis- 
crimination factor is less than 2 even if savings are maintained intact 
for one hundred years, Professor Fisher might still maintain that under 
contemporary American income-tax practice savings are subjected to 
“double taxation.’”’? Such insistence seems unfortunate since it may 
convey the impression that the value of the discrimination factor is 
necessarily 2. 


12 Fisher, I., loc. cit., p. 47. 
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Case V. Assumptions: 
1. The amount S is never spent. 
2. The income-tax rate is zero. 

3. The expenditure-tax rate is variable (linear function of t). 
Then 


1 
B= bE +08 +a8(1+—). 
4 


In this case, if the trend is downward, i.e., a is negative, the tax 
burden on S is less than in Case II and the effect of the tax instead of 
discriminating against saving will favor savings. However, if the trend 
is upward, saving would be discriminated against and one might say 
that under Fisher’s definition of income there would be “double taxa- 
tion” of savings. In other words, in the absence of certainty of rates 
in time even Professor Fisher’s income base might discriminate 
against the “saving use’’ of a given time period’s net accruals. 

There are, of course, many assumptions that can be made concern- 
ing the behavior of the income-tax rate and the expenditure-tax rate. 
In general, one can say that with an increase in the rate of the tax, 
whether it be an income tax or an expenditure tax, the present value 
of the tax on the income from savings will be greater than the value of 
the tax if the rate of the tax is kept constant. 

However, if the present value of the tax on the income from savings 
is to be an important factor in a policy recommendation regarding an 
income tax and an expenditure tax, a statistical study should be under- 
taken with a view of ascertaining in terms of some probability calculus 
(1) the length of the time interval during which savings are kept intact, 
(2) the effect on inheritance and gift taxes on savings, and (3) the trend 
of the tax rates. Given (1) the probable values of n and 7 and (2) 
agreement among policy makers regarding the value to be assigned to 
the present value of the tax on savings and the income from savings, 
rates r and j can then be determined so as to attain the aims of a given 
policy. 

It is not the purpose of the present note to make any policy sugges- 
tions whatever. Its objective has been merely to show that the conclu- 
sions which emerge from Professor Fisher’s analysis are implicitly 
determined by what he considers “desirable” policy. In addition an 
attempt has been made to show (see, e.g., Case V above) that even 
granting the general acceptability of Professor Fisher’s view on what is 
“desirable,” his ends are not necessarily attained by the means which 
he prescribes. 


The Pennsylvania State Collega 






THE CONCEPT OF INCOME: A REBUTTAL 
By Irvine FIsHER 


BEFORE COMMENTING on Dr. Graves’ note, I wish here to put on 
record a recent change in my own terminology. Dr. Graves quotes me 
correctly as having formerly said that capital increase is “not properly 
income.” But since my efforts thus to restrict the use of the term 
“income” to “services” have met with little success, I have decided 
to capitulate on that point. In a book which I am preparing on “What 
should be taxable income?” I am suggesting that, paradoxically, we 
may avoid ambiguity by giving two meanings to “income.” One is 
“services” or ‘‘yield income” or simply “yield.” The other is ‘“‘services- 
plus-capital-income”’ or ‘enrichment income” or simply “enrichment” 
(sometimes called ‘‘accretion’”—sometimes ‘‘earnings”’). 

This concession is made in deference to the fact that usage vacillates 
between the two concepts, and that both are useful. They are well 
exemplified in the stock market in the “‘yield”’ of a stock as contrasted 
with its ‘earnings.”’ I am also prompted to make this change by the 
hope of helping to lift the discussion of income from the level of words 
to the level of ideas. 

Apart from terminology, however, I have seen no reason since 1897 
to change my attitude. Nor do I find anything in Dr. Graves’ discus- 
sion which would incline me to change it. 

In summarizing my conclusions, Dr. Graves is likely to mislead many 
readers: 

(a) They may not understand that in what he calls my “‘assumption 
(2)”’ negative psychic services were omitted explicitly in order to 
create a simplified case—just as he himself makes various assumptions 
to create his five special cases. In my Econometrica article, negative 
psychical services were far from overlooked or disregarded. But I was 
leading up to the problem of taxation in which negative psychical 
services have to be either neglected or treated by rule of thumb. 

(b) The same is true of his reference to my “assumption (5)”’ to the 
effect that services are worth their cost. In my article, much attention 
was given to the “discrepancies” between the worth of services or 
uses and money cost. But, with his eye on only my most simplified 
case, Dr. Graves remarks: 


It may be asked what is to be gained by constructing the system of concepts in 
such a way that income is consumption? And, if such a system is wanted,? we might 
construct it in a less elaborate way, simply by writing 


I = >M.. 


1 See Econometnica, Vol. 5, January, 1937, p. 32. 
2 The italics are mine. 
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If the above equation is accepted as an adequate definition of income [it is not 
so accepted by me] it follows immediately that accruals of the order of capital 
gains are by definition excluded from the category of accruals which partake of 
the nature of income. 

In the above passage and in other passages in his article, Dr. Graves 
seems to imply: 

(1) that my “‘elaborate’”’ analysis and “system” of concepts give no 
result except the above equation; 

(2) that, therefore, I might obviously have started with that equa- 
tion; 

(3) that the whole procedure is a futility and a begging of the ques- 
stion; 

(4) that it represents wishful thinking, setting up definitions for the 
purpose of proving a “wanted” result. 

In any or all of these four interpretations of his criticisms I may be 
doing Dr. Graves an injustice. But, in the belief that many if not all 
of his readers will interpret him in precisely these ways, I shall en- 
deavor to show that all four are incorrect. 

Not simply the special case where J =). M, but the general case was 
definitely discussed. One end result, instead of ).M,., was my formula 
(29). This was presented as the best practical approximation—as fol- 
lows: 

Toa = (20M, — )>Mz) + Mw + m+ 6, 

where J;, stands for the ‘‘best approximation” to income (in the yield 
sense) during the year; M, stands for any item of money received from 
property during the same year; M, for any money disbursed for 
property; M,, for any money received for work; m for the depletion in 
cash balance during the year; and c for the total of ali use-cost dis- 
crepancies—which total of discrepancies is later broken down into 
three chief parts, each with its special formula. 

Not only does my analysis give several results other than the 
simplified one quoted by Dr. Graves, but, on the way to those results, 
it gives at every stage answers to the many intermediate questions 
as to what is yield income. Merely to say that yield income consists of 
“consumption” (meaning the gross yield of food, dwellings, and other 
goods yielding personal uses), would be to skip over most of the cases 
to which the concept of yield or flow of services is, and should be, 
applied—especially those innumerable money transactions antecedent 
not only to “consumption” (>>R) but to “spending” (> M,). In fact, 
the formula (29) above cited contains no reference either to “‘consump- 
tion” or to “expenditure” (except in the small corrective item c). The 
formula refers mainly to receipts,of money. 

If there is any special virtue in my analysis of income, it lies in its 
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applicability to these many sorts and combinations of services—serv- 
ices of production, of transportation, and of exchange—quite as truly 
as to consumption; also in its applicability, by double-entry bookkeep- 
ing, to a uniform and self-consistent articulation of these various 
applications. 

Furthermore, if there is one misrepresentation of my views which I 
have deplored more than any other, it is this which represents my con- 
cept as being limited to “consumption.” “Consumption” is, perhaps, 
the most significant result but it is not the only one; and it is most 
certainly a result and not the starting point. 

These procedures, it seems to me, cannot possibly be characterized 
as futilities nor as question-begging nor as wishful thinking. They are 
precisely the same procedures which accountants worked out long ago, 
but which economists, with a few exceptions,’ still neglect. These 
procedures of summation, applied to the one simple concept of service, 
necessarily result in the conclusions set forth in my article, not omit- 
ting the very essential conclusion that the mere summation of services 
never involves any element of capital increase. 

In order to include capital increase in “income” we must deliberately 
add it on. We thereby arrive at “enrichment” income, as a new and 
compound concept. No one has shown, and, it seems safe to say, no 
one ever will or can show, how to frame the enrichment concept first 
and then reach yield income by subtracting capital increase. We can 
calculate in both directions—from yield to enrichment and from enrich- 
ment to yield; but we can not derive concepts in both directions. Yet 
there seems to be a not uncommon impression to the contrary; and 
this impression is reflected by some of the phrases in Dr. Graves’ 
article. We must never lose sight of the fact that capital increase is a 
part of capital value, and therefore is derived by discounting services. 
Thus, even enrichment income, like yield income, is really built out of 
services, that is, out of net current services plus discounted future 
services. 

Dr. Graves seems to be laboring under the mistaken impression that 
the enrichment concept is generally accepted by economists as the sole 
meaning of income, that it corresponds to common usage, and that 
it is capable of definition independently of the concept of service. I 
challenge him to show that any of these three propostions is true. 

A service rendered by an asset belonging to a given person is an event 
desirable to that person and occurring by means of the asset. So-called 
“consumption” is only a special case of service. Even the term con- 
sumption is misleading, for it implies that destruction is an essential 


3 A notable exception is John B. Canning in his The Economics of Accountancy, 
the Ronald Press, 1929. 
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result of service. For instance, Dr. Graves speaks of the services ren- 
dered by so-called consumption goods—more familiarly known as 
their “uses” —as “evidenced by the destruction! of consumption goods.” 
Destruction is a nonessential of use. It is a concomitant of some uses. 
It is not universal. The use of some goods, like food, necessarily de- 
stroys them. They are not only used but “used up’’—literally con- 
sumed.® But the use of a house does not destroy it. The use of a riding 
horse may prolong its life. The only essential is Use. Thus, ‘“consump- 
tion,” in the sense of literal destruction, does not help our analysis at 
all. Only service helps. 

As for wishful thinking, I plead not guilty. My work on income 
started when I was Professor of Mathematics and it has always been 
a cold-blooded mathematical analysis of services, followed wherever 
that analysis might lead. I was even surprised to find where it did lead. 
Whatever views I now have on social policy—and these are still largely 
tentative—were acquired many years later; and were acquired wholly 
without reference to my, or any other, analysis of income. Nor does 
Dr. Graves give any evidence whatever to substantiate the implication 
that my income concept was chosen in order to lead up to some pre- 
conceived or ‘“‘wanted”’ conclusion. It is therefore astonishing to find 
him, at the close of his article, asserting that his “objective” is to show 
“that the conclusions which emerge from Professor Fisher’s analysis 
are implicitly determined by what he [Professor Fisher] considers ‘de- 
sirable’ policy’! 

I emphasize the above disclaimer because it appears that others 
besides Dr. Graves have made the same mistake. In fact, I suspect 
that he took his cue from Wueller whose writings, he says, “‘suggested”’ 
his own; and from Simons whom he also cites. Both Simons and 
Wueller had apparently jumped to the same wrong conclusions, 
Wueller® apparently having, in turn, taken his cue from Simons.’ It 
is in this way that many myths are created almost out of whole cloth. 

But the chief conclusion of Dr. Graves’ article is that my views on 
double taxation are only partially correct. For he finds that, even when 
capital increase 7s taxed twice (under a tax on income in the enrich- 
ment sense), the tax burden is not always exactly double. 


4 The italics are mine. 

5 So are raw materials, though these are not ‘‘consumption” goods—i.e., not 
personal-use goods which Dr. Graves evidently meant. 

6 Referring to Wueller, Graves says that my “deletion of what are commonly 
considered income constituents from the income category is inconsistent with 
Professor Fisher’s basic doctrinal orientation.”” What my basic doctrinal orienta- 
tion is is not stated. I am one of those who would like to know. 

7 Referring to Simons, who regards income taxes as primarily a means of re- 
distributing wealth, Graves says that my views are “contrary to the social 
objectives of personal income taxes.” 
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There is here no dispute—only a misunderstanding. By “double tax- 
ation” I never meant that the income tax was necessarily twice as 
great, but simply that the income was twice taxed. If I am not greatly 
mistaken, “double taxation” usually means exactly that—“twice 
taxed,” not “twice the tax.’”” When any property, estate, income, or 
anything else is taxed by two states or by one state and the Federal 
Government or by the Federal Government and a foreign government, 
there is said to be double taxation even if the two taxes be far from equal. 

Graves might have added that, even in his Case I, if the tax on the 
capital increase of a source is paid out of that source itself, there is 
left only a part of that increase to bear income for a future tax. In this 
case the tax will be less than doubled. 

With Graves’ mathematical analysis I have no fault to find. It is a 
model of method, especially as it begins with the most general case and 
proceeds to interesting special cases. There is nothing whatever in this 
analysis inconsistent with my own. 

Yet, as I reflect on Dr. Graves’ article, I have a feeling that there 
remains, in some intangible way, a wide gulf between us. This is not 
so much, if at all, a matter of emotional “orientation,” nor of prefer- 
ence as to tax policy, nor of the mere use of words, nor of any differ- 
ences in mathematics. It is apparently only a difference in emphasis. 
Yet I suspect it is an important difference. 

Perhaps the best way to express this is to state what I myself would 
most like to emphasize. This is that capital value is discounted yield 
income but not discounted enrichment income.® To recognize this fact 
and its significance in economic theory and in tax theory is, surely, of 
supreme importance. And it gives a special significance to the double 
taxation of savings’ even if such taxation is to be defended and 
adopted. It means, for instance, that the only ultimate source of any 
sort of income tax is yield income. Capital increase is not another 
source but the same source, transformed and disguised as to time. A 
tax on capital is merely a pre-tax on its yield. 

Enrichment income is important for balancing the books in any one 
year. But yield income is, I am convinced, the more fundamental 
concept, in fact the most fundamental in economic science. 


Yale University 
New Haven, Connecticut 


8 Unless with qualifications requiring certain shifting in time of capital in- 
crease. See my “Are Savings Income?” Publications of the American Economic 
Association, Vol. 9, No. 1, April, 1908. These qualifications are important in view 
of the common impression expressed in the loose statement that the market value 
of a security is the capitalized value of its earnings (“enrichment”). 

® See my “Double Taxation of Savings,” American Economic Review, Vol. 29, 
No. 1, 19389. 














ON THE SIGNIFICANCE OF PROFESSOR DOUGLAS’ 
PRODUCTION FUNCTION: A CORRECTION 


By Horst MENDERSHAUSEN 


Ir was found that some statements made in the last two paragraphs of 
my article! are not warranted by the preceding analysis. These two 
paragraphs should be replaced by the following: 

The constant & indicates whether output and labor changed in the 
same proportion (k=1) or not (k¥1). It shows whether the volume 
of output per unit of labor remained constant or varied during the 
period under observation. In our case, this ratio changed constantly; 
it increased. Thus the divergence of k from 1 may be taken as an indi- 
cator of an evolutionary change in the volume of output per unit of 
labor. The particular value of k is due to the fact that simultaneously 
the industry became more “capital intensive” (y>8), and that the 
numerical values of.the three logarithmic trend slopes were such that 
the differences [(20) and (21)] stood in the ratio of approximately 
3:4. k may, therefore, be taken as a kind of measure of the evolutionary 
changes occurring in industry during the twenty-four years. 


Colorado College 
Colorado Springs 


1“On the Significance of Professor Douglas’ Production Function,” Econo- 
METRICA, Vol. 6, No. 2, April, 1938, p. 153. 

I am indebted to Mr. Robert J. Landry of the Brookings Institution for draw- 
ing my attention to the shortcomings of the original formulation. 


ANNOUNCEMENT OF THE PHILADELPHIA MEETING 
DECEMBER 27-30, 1939 


The December meeting of the Econometric Society will be held in 
conjunction with those of the other social science associations at Phila- 
delphia, Pennsylvania, Wednesday through Saturday, December 27- 
30, 1939. Joint sessions with the American Statistical and Economic 
Associations and the Institute of Mathematical Statistics are planned 
for these meetings. A detailed program will be sent to each member of 
the Society in the United States and Canada early in December. Any 
inquiries regarding these sessions should be addressed to Francis 
McIntyre, Secretary of the Program Committee, Econometric Society, 
Stanford University, California. 





ERRATA, JULY ISSUE 


In “The Practice of Depreciation,’”’ by Gabriel A. D. Preinreich, 
Econometrica, Vol. 7, July, 1939, p. 253, notes 33, 34, and 35, the 
references ‘‘op. cit.”’ and “‘cbid.”’ are incorrect because of an error made 
by the managing editor. Footnotes 33 and 35 should refer to Kurtz, 
Life Expectancy of Physical Property, while footnote 34 should refer to 
Preinreich, “‘Annual Survey of Economic Theory: The Theory of De- 
preciation,”’ Econometrica, Vol. 6, July, 1938, pp. 219-241. 


Because of delay in the mail, proof of ““The Demand for Passenger 
Cars in the United States: A Rejoinder,” by P. de Wolff, Econo- 
METRICA, Vol. 7, July, 1939, pp. 277-282, was not received from the 
author before the issue went to press. The following corrections should 
be made: 

p. 279, para. 3, for Mr. Solo is convinced that . . . read It is not nec- 
essary to discuss in detail Mr. Solo’s objections against formula (1), 
because he is convinced, on economic grounds, that. . . 

p. 280, line 1, for whether «>1 or e<1 read whether «<1 or e>1. 

p. 280, line 13, add footnote: When this article had already gone to 
press I received a report of the joint meeting of the American Statisti- 
cal Association and the Econometric Society in Detroit, on December 
27, 1939, containing a number of studies on the dynamics of automo- 
bile demand. One of these studies, by Messrs. Roos and von Szeliski, 
treats the same problem as has been dealt with in my own paper. Al- 
though their results in many respects are different from mine, it is in- 
teresting to note that they too find an elasticity of demand, with respect 
to price, greater than 1. The same report contains a study of Mr. Du- 
Brul on the cost structure of the motor-car industry, in which it is 
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shown why a decrease in car prices, assuming constant factor prices, in 
general will lower profits, even in the case of elastic demand. 

p. 280, para. 2, line 3 from bottom, for Po, read pou. 

p. 281, para. 2, line 4, for pox’ =pex/Poo, we have, read pix’ = pix/Poo, 
we have, by taking logarithms and again expanding the right-hand 
member in a power series: 

p. 281, para. 2, line 5, for P read Log P. 

p. 282, last line, for The Hague, Netherlands, read Stockholm. 


Because of delay in the mail, proof of the note on Oskar Lange’s 
election as a Fellow, in Econometrica, Vol. 7, No. 3, July, 1939, p. 284, 
was not received from Professor Lange before publication. It should be 
added to that note that Professor Lange also taught at the University 
of Cracow. 
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Wakar, Dr. ALEKSY, Rakowiecka 483A, Warszawa, Poland. 

WALD, Dr. A., Fayerweather Hall, Columbia University, New York City. 

—— Pror. HELEN M., Teachers College, Columbia University, New York, 


WARDWELL, PROF. CHARLES A. R., Department of Economics, Northwestern Uni- 
versity, Evanston, Illinois. 


WAUGH, Dr. FREDERICK V., U. S. Bureau of Agricultural Economics, Washing- 
ton, D. C. 


WEAVER, Mr. DONALD, 1832 Vermont Ave., N. W., Washington, D. C. 
WEDERVANG, PRror. INGVAR, Norges Handelshgiskole, Bergen, Norway. 

WEmA, Pror. FRANK M., The George Washington University, Washington, D. C. 
WEISZMANDEL, Miss FRANCES E., 38-25 72nd St., Jackson Heights, New York City. 
WELCH, Mr. B. L., 10 Holmlands Park South, Sunderland, England. 

WELLS, PRESIDENT HERMAN B., Indiana University, Bloomington, Indiana. 
WENZLICK, Mr. Roy, Real Estate Analysts, Inc., St. Louis, Missouri. 
WESTERFIELD, PROF. R. B., Yale University, New Haven, Conn. 


WHITMAN, Dr. ROSWELL H., Office of the Controller, R. H. Macy & Co., New 
York City. 


WICKSELL, Pror. SvEN Daa, University of Lund, Lund, Sweden. 
WILks, Pror. S. S., Fine Hall, Princeton University, Princeton, New Jersey. 
WittiaMs, Dr. JoHN H., 148 Coolidge Hill, Cambridge, Massachusetts. 


WILSON, Pror. E. B., School of Public Health, Harvard University, Shattuck 
Street, Boston 17, Mass. 


WILSON, Miss ELIZABETH, 1 Waterhouse Street, Cambridge, Massachusetts. 

WINKLER, Pror. DR. WILHELM, Ghelengasse 30, Wien XIII, Germany. 

WISNIEWSiI, PrRor. JAN, Rakowiecka 6, Warszawa, Poland. 

Wo.tp, Dr. HERMAN O. A., University, Stockholm, Sweden. 

Wo.r, Mr. A. F., Hills Brothers Company, 110 Washington Street, New York 
City 

Wotrr, M. Ropert, 116 Avenue des Nations, Bruxelles, Belgium. 

WoLrowiTz, Mr. JAcosB, 308 Cumberland Street, Brooklyn, New York. 

WOLLERT, Mr. BERTIL, Lokevagen 12, Djursholm, Sweden. 

Woopsury, Dr. Rosert M., c/o International Labour Office, Genéve, Switzerland. 

Woopyarp, Dr. ELLA, Teachers College, Columbia University, New York City. 
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WORKING, ProF. E. J., Department of Agricultural Economics, University of IIli- 
nois, Urbana, Illinois. 


ST Pror. HoLBrook, Food Research Institute, Stanford University, Cali- 
ornia. 


WoytTINsky, Mr. WLApDImIr, 4943 Butterworth Place, N. W., Washington, D. C. 
WrIcHT, Mr. Cart Mayor, Member of Economic Section, International Labour 
Office, Genéve, Switzerland. 


Wu, vane TAYEH, Directorate of Statistics, National Government, Chungking, 
na. 


WUBNIG, Mr. ARTHUR, Railroad Retirement Board, Washington, D.C. 

YAMADA, Pror. IsAMU, Yokohama College, Rokkakubashi, Kanagawa, Yokohama, 
Japan. 

YNTEMA, PROF. THEODORE O., Cowles Commission for Research in Economics, The 
University of Chicago, Chicago, Illinois. 

ZAGOROFF, DR. SLAVCHO, Parchevich 36, Sofia, Bulgaria. 


ZAGORSKI, Mr. Jozer, Instytut Konjunktur i cen, Al. Jerozolimskie 85, m. 8, 
Warszawa 1, Poland. 


ZASSENHAUS, DR. HERBERT, 1703 Washington Street, Huntingdon, Pennsylvania. 

ZAYCOFF, Dr. RASHCO, Statistical Institute for Economic Research, State Uni- 
versity, Shipka 6, Sofia IV, Bulgaria. 

ZEMPEL, PRoF. ARNOLD, Washington University, St. Louis, Missouri. 

ZEUTHEN, Dr. F., Hostrups, Have 1, Kobenhavn V, Denmark. 

ZOLL, Mr. WALTER, Lindelshang 5, Wurzburg, Germany. 

ZUJOVIC, PROF. MILAN J., Prof. 4 la Faculté de Droit, Kralja Milana 42, Beograd, 
Yugoslavia. 

ZWEIG, DR. FERDYNAND, University of Krakéw, Lobzowska 4, Krakéw, Poland. 
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ECONOMETRICA records with deep regret that the deaths of the following mem- 
bers of the Econometric Society have occurred during the past year. 
PROFESSOR EDGARD ALLIX 
PROFESSOR C. COLSON 
Dr. ANGELO DELLA-RICCIA 
PROFESSOR EMIL LEDERER 
PROFESSOR F. J. LINDERS 
PROFESSOR JAMES HARVEY ROGERS 
PROFESSOR HENRY SCHULTZ 
PROFESSOR WLADYSLAW ZAWADZKI 
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| Members | Subscrib.| Total | Members | Subscrib-| Total 

| ers | | ers 

| | 

United States 250 | 180 380 Finland 3 2 5 
England Bef ee fe cee Chile 2 2 4 
Italy | 2 | aA | & Brazil 2 1 3 
France |: 49 10 59 Yugoslavia 3 ae 3 
Germany 25 wm | 8 Greece te 2 2 
Netherlands ps, ee |] 5 | 36 Mexico 1 z 2 
Japan as.) ae 4) Se Neth. India 1 1 2 
Norway | 23 | 3 26 Spain z ES 2 
Poland 16 | 8 | 24 Uruguay 1 1 2 
Switzerland 20 | 3 | 28 Algeria ets. 1 
Hungary 19 2 21 Belg. Congo 1 1 
Belgium 14 4 18 Burma 1 1 
Sweden 13 5 | 18 Cuba ite 1 1 
Denmark 14 1 15 El Salvador 1 1 
India 6 oi ee Estonia 1 1 
Argentina 7 7 14 Latvia aes 1 1 
China 10 | 2 | a2 Lithuania oie 1 1 
Australia 5 6 | Philippines 1 on 1 
Czecho-slovakia| 10 | ... | 10 Puerto Rico == 1 - 
U.-.'S.8: a Slovakia 1 1 
Egypt 5 3 8 Straits S. wee 1 1 
Canada 3 | Book | Tasmania =e 1 1 
Rumania 6 | e | ok Venezuela 1 a 
Bulgaria 5 | a ae ee: ee Wales oe 1 1 
Scotland 5 | a a — — 
South Africa et 8 | 6 Total 671 | 306 | 977 
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